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The symmetry breaking operators in general

Given
a locally compact topological group A,
a closed subgroup B C A,
a continuous representation « of A on a linear topological space,
an irreducible representation S of B,

the space Homg(«, 3) of the intertwining maps is known as the space of the symmetry
breaking operators.

This is a vector space which may have an additional structure.

If C C A is a subgroup commuting with B, then Homg(«, 3) is a representation of C.

If « is realized in a space of functions on a manifold then Homg(«, 8) may consists of
differential or pseudodifferential operators.
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SBOs as a vector space

Theorem (Sun Binyong and Chengbo Zhu, Annals of Mathematics 175 (2012),
23-44)

Let G be one of the groups

GLH-H (R) ) GLH-H (C) ) U(pv q+ 1) ) O(p7 q+ 1) ) On+1 ((C) P
SO(p,g+1), SOn1(C)

and let G’ C G be one of the subgroups

GL"(R) ) GL"(C) ’ U(p7 q) ’ O(p7 q) ) O"((C) ’

respectively. Then for any irreducible admissible representation p of G and any
irreducible admissible representation p' of G’

dim HornG/(p|G/,p') < 1.

More details in Kobayashi - Speh, “Geometric aspects of the trace formula”, Papers based on the Simons
Symposium held in Schloss Elmau, April 10-16, 2016, Springer, Cham 2018.
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SBOs as group representations

Let W be a finite dimensional symplectic vector space over R.
Let S}S be a metaplectic group.
Fix a non-trivial unitary character y of the additive group of the field R of real numbers.

Let w be the Weil representation of §f> associated to x, acting on the space of the
smooth vectors S.

Theorem (Roger Howe, “Transcending Classical Invariant Theory”, J. Amer.
Math. Soc. 2 (1989), 535-552)

Consider an irreducible dual pairC~; el - éE Let (p, V) be an irreducible admissible

representation of G realized on a space V, which occurs as a quotient of S by a closed
G - invariant subspace. Denote by (p°, V°) the contragredient. Then

Homg(S, V°)

is a G’ module which has a unique irreducible quotient (', V'). Moreover

dim Hom~

6.5(87 V®V/) =1.
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The Weil representation (Chomolungma)




Gaussians and Weil factors on a vector space

U finite dimensional vector space over R with Lebesgue measure uy;
g a nondegenerate quadratic form on U.

Define
W@ = Jim [ x(Gla+ )W) dhw).
wia) = O = x(isen(a)).

Determinants

(Wa <'v >)’ SP 59
Pick J € sp, J2 = —1, B(-.-) = (J-,-) > 0. Define

det(g —1:W/Ker(g —1) = (9 = 1)W) = det({(g — 1)W;, W))1<ij<m),

where wy, ..., Wn is any B-orthonormal basis of Ker (g — 1)*8 C W.
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The Metaplectic Group

For g, 91,9 € Sp, let

©%(g) = 7(1)24™ =2 [, (det(g — 1 : W/ Ker(g — 1) — (g — 1)W))]?

C(91,0) = ‘% Yw(dg1.9,)5
where
Qgr.0 (U, U") = E((g1+1)(g1—1) u’)

+;@+w@—n*mw>

(U u" € (g —1WN (g — 1)W).
The Metaplectic Group

sp={g=(9.9espxC, &=0%9)}
(91,61)(g2, &2) = (9102, €162C(91, G2)) -
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Normalization of Haar measures on vector spaces

For any subspace U C W we normalize the Haar measure uy on U so that the volume
of the unit cube with respect to form Bis 1.

If V C U, then B induces a positive definite form on the quotient U/V and hence a
normalized Haar measure py,v so that the volume of the unit cube is 1.
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The Weil Representation in the Schrédinger model

W =X @Y a complete polarization. We shall assume that JX =Y.
Op : §'(X x X) = Hom(S(X), S'(X))

Op(K)v(x) = /X K (x, X' (x') dux(x').
Weyl transform K : S'(W) — S’ (X x X)
K0 X) = [ 10— X+ px(biy.x-+ X)) di).
An imaginary Gaussian on (g — 1)W (or a quadratic character)

Xe@(U) =xGUg+D@g-1)"uu) (u=(g- 1w, weW).

c(9)
Forg=1(g,¢) € éE define
0(9) =¢, T(9) = ©(9)xc(g)g-1w:  w(g) =O0poKoT(g).

w,L2(X)) is the Weil representation of Sp attached to the character X-
P
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The intertwining distributions
Recall the “Weyl - Schwartz isomorphism”:
Opo K : §'(W) — Hom(S(X), S'(X))
and the representations (p, V), (p’, V') which occur in Howe’s theorem.

The action of w extends from S(X) to S'(X) and p ® p’ may be realized as a subspace
of §’(X). Since,

dimHomg 5 (S, Ve V') =1,
there is a unique, up to a non-zero scalar multiple, distribution .5, € S’(W) such that

ca(SVaV)=C fgy.
This is the intertwining distribution corresponding to the representation p ® p'.

Hom

See T.P, “Characters, dual pairs and unipotent representations”, J. Funct. Analysis, 98,
59-96, (1991).

From now on we assume that G is compact and has volume 1.
Then

1 N
fogp = ) / éﬂ(g) T(9)dg.
G
so that the projection on the p ® p’-isotypic component of L?(X) is equal to
Op [e] K(fp@)p/) .
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Intertwining distributions and characters

There are
amomentmap 7' : W — g*, 7'(w)(x) = (xw, w),
a well defined continuous map S(g'*) 2 ¢ — Yo7’ € S(W)
the associated push forward of distributions

T S'(W) = S'(g"), Ti(f)() =f(por).
There is also a Fourier transform
Fo (") = S@). Fuvt) = [ dlex(3e00) ot
gl*

with the adjoint

Fy :S'(g)—S'@").
Set

& (x) =8(x)&(0)™", xesp(W).

Then ¢_(0) is the identity in the metaplectic group.

Theorem (“Characters, dual pairs and unipotent representations”, J. Funct.
Analysis 98 (1991), 59-96.)

o & O ~ * /
C_O, = %5(0))(@ o C)Fy o (fompr) s

where x, is the central character of p.
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An example: (O, Sp,,(R))

From the construction of the metaplectic group we see that its center Z = Oy is

Z={(1;1),(1;=1),(-1:0), (- 1: =Q)},

)%dimW

where ¢ = (3 . The fraction

o)  (3¢7

defines an irreducible character x of the group Z. Let ¢ be the unique non-trivial
irreducible character of the two element group Z. Then

o(2) . -
o) <2

x-(2) = <(2)

is also an irreducible character of Z.
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Let
L2(X)+ C L?(X) denote the subspace of the even functions,
L2(X)- C L?(X) denote the subspace of the odd functions.
Then the restriction wx of w to L2(X). is irreducible.

As we have seen above, the center Z acts on L2(X)i via the character x+. Thus x+ is
the central character of w4-.

Hence we have two representations x+ ® w. and x— ® w— in Howe Correspondence
for the dual pair (Z, Sp(W)) isomorphic to (O1, Sp,,,(R)).
The corresponding intertwining distributions are

1

1 5, s, — 5 dim
s = 4 2 XDT(E) = 504274 ),

« 2
zeZ
1 o ~ ~ 1 —1dim
fe ow_ = 2 ZX—(Z)T(Z) = 5(5 —27z¢ WHW) )
3€Z

where we normalize the total mass of Z to be 1, as we did for a general dual pair
(G, G’) with G compact.
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Harish-Chandra and Kirillov character formulas for w, wy and w_

0(§)* = det(i(1 - 9))™', g€ Sp°(W),

e(e-(x) = 9(5(0)_1)9(5()())/WXX(W) aw, x € sp’(W),

where the integral over W is the Fourier transform of an invariant measure on

7'(W\ {0}), one of the two minimal nilpotent orbits in sp* (W) and
|e(&(0)—1 )’ — 2—% dimW.

0..(8) = 5 (x+(NO(5) + x+(C1)e((1)3)

0., (B-(x) = x+(&(0)) - O(E(x)) - (1
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Restricting © and ©,,, to a maximal compact subgroup to obtain
Rossmann’s and Enright’s formulas

Recall the positive, compatible complex structure J on the symplectic space W. Then
Sp” C Sp is a maximal compact subgroup.

Fix a Cartan subgroup T C Sp(W)”. Decompose W into the direct sum of T-irreducibles
n
wW=@pw,
j=1
Let J; = J|w,. Then the Lie algebra of T is
n
t=EPRy.
j=1

The complex Weyl group S, x {1, —1}" acts on t by

n n
() DXy =D X1y
j=1 J=1

Ak (Z X]J]> = X .
j=1

Set
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We fix positive roots
i)\j*I‘Ak, I.A/'+I.)\k, 2\ (1§j<k§n,1§/§n)

Then w4 are the lowest weight representations with the lowest weight
i(liA + 1i>\ + 1i>\ )
2 1 ) 2 > n)-

and the same Harish-Chandra parameter iy equal to the lowest weight plus sum of
positive roots divided by 2. Let

eo(x/2) _ g—alx/2)

Pe0 = }:[0 a(x/2) (x€t),
X = >, cs, sgn(o)el o)
p(X)e(eXp(X)) = Cee{1,—1}n Ha>0 Oé(X) s
X 3, cs, sgn(o)el )
pr©L(SR(X) = C Y Mooat)

ec{1,—1}", sgn(e)=1

Yoes sgn(a)ei(é“)("71 (x))
-C Z n .

p(x)©— (exp(x)) [T.-0a(x)

ec{1,—1}", sgn(e)=—1
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Enright and Merino character formulas

T. Enright':

n

I ( G20 _ e,,-;(xﬁxk)) IT (e"*' - e*’*’) O(exp(x))

1<j<k<n I=1

e, sgn(a)ei(e“)("_1 )

1 1
i (X—Xx —i5(X—X)
GE{17_1}’1]I1</<k<n <32(’ ) —e 20 k)>

Allan Merino 2 used the theorem expressing the character of the irreducible unitary
highest weight representation p’ in terms of the intertwining distribution to derive the
character formula for © ,» with a smaller denominator.

T“Analogues of Kostant's -cohomology formulas for unitary highest weight modules”, J. reine angew. Math.
392 (1988), 27 -36.

2“Characters of some unitary highest weight representations via the theta correspondence”, J. Funct.
Analysis 279 (2020), 108698, 70.
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The dual pair (G, G’) as Lie supergroup

There are
a division algebra D = R, C, H with an involution over R,

a finite dimensional right D-vector space V with a positive definite hermitian form
(-,), and

a finite dimensional right D-vector space V' with a non-degenerate skew-hermitian
form (-,-)

such that G coincides with the isometry group of (-,-) and G’ coincides with the
isometry group of (-,-).

Let Vg =V and V; = V'. Set V = V5 @ V7 and define an element S € End(V) by
S(vo+wvi)=w—w (vo € Vg, v1 € V7).
Let

End(V)y = {x € End(V); Sx = xS},
End(V)7 = {x € End(V); Sx = —xS},

GL(V)5 = End(V)5 N GL(V).
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Denote by (-,-)"” the direct sum of the two forms (-,-) and (-, ). Let

sg = {x € End(V)g; (xu,v)" = —(u,xv)", u,v € V},
st = {x € End(V)5; (xu,v)"” = (u,Sxv)", u,v € V},
5 = 55 D 57,

S={seGL(\V)g; (su,sv)’ = (u,v)", u,v eV},
(x,y) = trp/r(Sxy) .

Then (S, s) is a real Lie supergroup, i.e. a real Lie group S together with a real Lie
superalgebra s = s; ® s7, whose even component s; is the Lie algebra of S.
Define W = Homp( V7, V). Then, by restriction,

W =s7.
In terms of the notation introduced at the beginning of this section,
9="5glv;, o =5glvy, G=Slv, G =S
With these identifications, the unnormalized moment map are

T Wow—wiy, g, T :Wowowi| cg
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An element x € s is called semisimple (resp., nilpotent) if x is semisimple (resp.,
nilpotent) as an endomorphism of V.

We say that a semisimple element x € sy is regular if it is nonzero and
dim(S.x) > dim(S.y) for all semisimple y € s7.

For x,y € sy let {x,y} = xy + yx € sg be their anticommutator.

The anticommutant and the double anticommutant of x in sy are

XE.T = {yeSTZ{X,y}:O},
Xo
415T _ m yST’
,VE"sT

respectively.

A Cartan subspace by of s7 is defined as the double anticommutant of a regular
semisimple element x € s7.

We denote by h7" the set of regular elements in by.
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Let h% C s5 be the subspace spanned by all the squares w2 we by
(This is a linear space, not a collection of squares.)

Let / be the rank of g, /' the rank of g'.

Suppose that / < I'. Then h2|y. is a Cartan subalgebra of g which we denote by . The
pp TIVg

space b%|v1, is contained in an elliptic Cartan subalgebra of ¢’, say b'.
The relation
{(W?|v,, w?|v,) € b x b'; w € by}

extends to a linear injection of f into h’. We shall identify h with the corresponding
subspace of b'.

We denote by 3’ C g’ the centralizer of b.

Fix a system of positive roots for the adjoint action of b% on s5... By the identification, b
preserves both gc and gi. So our choice of positive roots for (h%c,sac) fixes a positive
root system of (hc, gc) and extends to a compatible positive root system for (b, gt )-

Let 74,y be the product of positive roots of (hc, gc) and let 7y /5 be the product of
positive roots of (h¢, gc) such that the corresponding root spaces do not occur in 3¢.

Similar statements apply when / > I
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Orbital integrals on W

Suppose first that G is different from Og/, ¢ with / < /.

For w € h;"®, the orbital integral attached to the orbit O(w) = S.w is the element
tow),n; of S'(W)® defined for ¢ € S(W) by

How),b-(d) = / o(s.w) d(sST).

s/s"T

Suppose now that G = Og, ¢ with / < /',

Let VO C V be the intersection of the kernels of the elements of by.

Let wo € 5T(V°) be a non-zero element, w € h;"®9 and ST the centralizer of w + wy
inS.

Set O(w) = S.(w + wp) and define

How),b; (¢) = / B(s.(W + wp)) d(sSPTH) .

S/ShT“"U
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The Weyl-Harish-Chandra integration formulas on W
For w € by, set

T, (w?) {Wg/h(T(W))Wg'/;,/(T'(W)) if 1</,
55, h% =

T o (F(W) gy (7 (W) 1> 1

Choose a positive Weyl chamber h¥ C b7, i.e. an open fundamental domain for the
action of the Weyl group, W(S, by).

There is a normalization dr(w) of the Lebsegue measure on b, respectively a

normalization d7’(w) of the Lebsegue measure on b’, such that the following equalities
hold for all ¢ € S(W):

Z/ |7, /52 |Ho (w),b:(¢) dT(w) ifr</,

uw(¢)://(h+)\wﬁa/h2( ) ow).b, (¢) A’ (w) if1>10.

These are the Weyl-Harish-Chandra integration formulas on the symplectic space W.
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The Harish-Chandra regular almost-elliptic orbital integral on W

is the function
F: UT(IjTreg) — S'(W)S
by

defined for every y € UhT 7(h7'%), y = 7(w) = 7'(w) as follows:

S Cormyr sy Wpowy.n; 1<
Coymgr iy (V) O W) by it/

F(y)={

Following Harish-Chandra’s notation, we shall write F,;(y) for F(y)(¢).
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Explicit formulas for the intertwining distributions

Lemma

Let G® C G denote the connected identity component. Suppose (G,G') = (Ug, Up,q) Or
(Spy, O3). ThenG = G® = -G% and

e = [[8,@T@ %= [ 6.6)T(E)dg (1)

Formula (1) holds also if (G,G') = (Oq, Sp,,,(R)) with d even and ©, supported in G,
because G° = SOy = — SOy = —G°. In the remaining cases

AN / &,(8)T(8)dg = / 0,(8)T(8) dg + / L OOT@ . @
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For two integers a and b define the following functions in the real variable &,

b—1 1 k—1 .
Pabz(g){okowzak£b1k ':228
b, heo

sz@)z{ (1) R Mo (=) e a1

ifa<o0,

where a(a+1)---(a+k—-1)=1ifk=0.
Set

Pab(§) = 2m(Pab,2(§)Ir+ (&) + Pab,—2(§)Ir-(£))
= 27m(Pab,2(§)Iz+ (&) + Ppa2(—&)Ir+(=£)) .

where Is denotes the indicator function of the set S.

Also, let
() if a-—+ t) Ei 17
. -a wgakﬁ i)kt if —a>b—-1>0,
Qap(iy) =2 Zf#gﬁﬁ;ﬁgugbk(+wy% it —b>a—1>0,

(+iy)2(1—iy)™® ifa<0andb<O0.
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Let € ib(g)* be the Harish-Chandra parameter of p with 1 > p2 > ---. This means
that 1 = X + py/4, Where X is the highest weight of p and p,; is one half times the sum
of the positive roots of (gc, hc). Define

a,-:—-—6+1 b'Zuj—(5+1
Pi(&) = Pa b (B qi(&) =BT Qap(BTE)  (1<j< I EER),

2r ifD=RorC,

here § i licit tant d ding on (G,G’) and 5 = .
where ¢ is an explicit constant depending on ( ) B8 {47T T

Notice that a; and b; are integers.

Theorem

Let! < I'. Then there is a non-zero constant C which depends only on the dual pair
(G, G’) such that for all ¢ € S(W)

|
/ 0,(8)T(3)(#) dg = C rox,((0)) /m( (Hpj(y/)+q,-<—ay,)6o<yj))~F¢<y)dy

=1

where x, is the central character of p, d is the Dirac delta at 0.
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Main results

@ This theorem computes the intertwining distributions if G is not a real orthogonal
group. We also computed the intertwining distributions in all remaining cases and
obtained similarly looking formulas.

@ In “most cases”, by gpplying our formulas to an arbitrary genuine irreducible
representation p of G, we determine the highest weights that occur in the

correspondence. We know when the intertwining distribution is a function or a
measure.

@ By computing the asymptotics of intertwining distribution we recover the wave
front set of the representation of G'.

@ The SBOs are never differential operators and their Weyl symbols (the intertwining
distributions) may be singular distributions.

@ Inthe case G = U,;, G’ = Uy, we prove the existence of Howe’s correspondence.
This is equivalent to the First Fundamental Theorem of the Classical Invariant
Theory. Thus we have a proof of that theorem by purely analytic means.
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Thank you!
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