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The symmetry breaking operators in general

Given

a locally compact topological group A,

a closed subgroup B ⊆ A,

a continuous representation α of A on a linear topological space,

an irreducible representation β of B,

the space HomB(α, β) of the intertwining maps is known as the space of the symmetry
breaking operators.
This is a vector space which may have an additional structure.

If C ⊆ A is a subgroup commuting with B, then HomB(α, β) is a representation of C.

If α is realized in a space of functions on a manifold then HomB(α, β) may consists of
differential or pseudodifferential operators.
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SBOs as a vector space

Theorem (Sun Binyong and Chengbo Zhu, Annals of Mathematics 175 (2012),
23-44)
Let G be one of the groups

GLn+1(R) , GLn+1(C) , U(p, q + 1) , O(p, q + 1) , On+1(C) ,
SO(p, q + 1) , SOn+1(C)

and let G′ ⊆ G be one of the subgroups

GLn(R) , GLn(C) , U(p, q) , O(p, q) , On(C) ,
SO(p, q) , SOn(C)

respectively. Then for any irreducible admissible representation ρ of G and any
irreducible admissible representation ρ′ of G′

dimHomG′(ρ|G′ , ρ′) ≤ 1 .

More details in Kobayashi - Speh, “Geometric aspects of the trace formula”, Papers based on the Simons

Symposium held in Schloss Elmau, April 10–16, 2016, Springer, Cham 2018.
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SBOs as group representations

Let W be a finite dimensional symplectic vector space over R.

Let S̃p be a metaplectic group.

Fix a non-trivial unitary character χ of the additive group of the field R of real numbers.

Let ω be the Weil representation of S̃p associated to χ, acting on the space of the
smooth vectors S.

Theorem (Roger Howe,“Transcending Classical Invariant Theory”, J. Amer.
Math. Soc. 2 (1989), 535-552)

Consider an irreducible dual pair G̃ · G̃′ ⊆ S̃p. Let (ρ,V ) be an irreducible admissible
representation of G̃ realized on a space V , which occurs as a quotient of S by a closed
G̃ - invariant subspace. Denote by (ρc ,V c) the contragredient. Then

HomG̃(S,V
c)

is a G̃′ module which has a unique irreducible quotient (ρ′,V ′). Moreover

dimHomG̃·G̃′(S,V ⊗ V′) = 1 .
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The Weil representation (Chomolungma)
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Gaussians and Weil factors on a vector space

U finite dimensional vector space over R with Lebesgue measure µU;
q a nondegenerate quadratic form on U.
Define

γ(q) = lim
p→0

∫
U
χ( 1

2 (q + ip)(u)) dµU(u) ,

γW (q) =
γ(q)
|γ(q)| = χ( 1

4 sgn(q)) .

Determinants

(W, ⟨·, ·⟩); Sp ∋ g.
Pick J ∈ sp, J2 = −I, B(·.·) = ⟨J·, ·⟩ > 0. Define

det(g − 1 : W/Ker (g − 1) → (g − 1)W) = det(⟨(g − 1)wi ,wj⟩1≤i,j≤m) ,

where w1, . . ., wm is any B-orthonormal basis of Ker (g − 1)⊥B ⊆ W.
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The Metaplectic Group

For g, g1, g2 ∈ Sp, let

Θ2(g) = γ(1)2 dim (g−1)W−2 [γ(det(g − 1 : W/Ker(g − 1) → (g − 1)W))
]2

C(g1, g2) =

√∣∣∣∣ Θ2(g1g2)

Θ2(g1)Θ2(g2)

∣∣∣∣ γW (qg1,g2),

where
qg1,g2(u

′, u′′) =
1
2
⟨(g1 + 1)(g1 − 1)−1u′, u′′⟩

+
1
2
⟨(g2 + 1)(g2 − 1)−1u′, u′′⟩

(u′, u′′ ∈ (g1 − 1)W ∩ (g2 − 1)W) .
The Metaplectic Group

S̃p =
{

g̃ = (g, ξ) ∈ Sp × C, ξ2 = Θ2(g)
}

(g1, ξ1)(g2, ξ2) = (g1g2, ξ1ξ2C(g1, g2)) .
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Normalization of Haar measures on vector spaces

For any subspace U ⊆ W we normalize the Haar measure µU on U so that the volume
of the unit cube with respect to form B is 1.

If V ⊆ U, then B induces a positive definite form on the quotient U/V and hence a
normalized Haar measure µU/V so that the volume of the unit cube is 1.
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The Weil Representation in the Schrödinger model

W = X ⊕ Y a complete polarization. We shall assume that JX = Y.
Op : S ′(X × X) → Hom(S(X),S ′(X))

Op(K )v(x) =
∫

X
K (x , x ′)v(x ′) dµX(x ′).

Weyl transform K : S ′(W) → S ′(X × X)

K(f )(x , x ′) =

∫
Y

f (x − x ′ + y)χ
( 1

2 ⟨y , x + x ′⟩
)

dµY(y).

An imaginary Gaussian on (g − 1)W (or a quadratic character)

χc(g)(u) = χ
( 1

4 ⟨(g + 1)(g − 1)−1︸ ︷︷ ︸
c(g)

u, u⟩
)

(u = (g − 1)w , w ∈ W).

For g̃ = (g, ξ) ∈ S̃p define

Θ(g̃) = ξ, T (g̃) = Θ(g̃)χc(g)µ(g−1)W, ω(g̃) = Op ◦ K ◦ T (g̃) .

(ω,L2(X)) is the Weil representation of S̃p attached to the character χ.
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The intertwining distributions
Recall the “Weyl - Schwartz isomorphism”:

Op ◦ K : S ′(W) → Hom(S(X),S ′(X))

and the representations (ρ,V ), (ρ′,V ′) which occur in Howe’s theorem.

The action of ω extends from S(X) to S ′(X) and ρ⊗ ρ′ may be realized as a subspace
of S ′(X). Since,

dimHomG̃·G̃′(S,V ⊗ V′) = 1 ,
there is a unique, up to a non-zero scalar multiple, distribution fρ⊗ρ′ ∈ S ′(W) such that

HomG̃·G̃′(S,V ⊗ V′) = C · fρ⊗ρ′ .

This is the intertwining distribution corresponding to the representation ρ⊗ ρ′.

See T.P, “Characters, dual pairs and unipotent representations”, J. Funct. Analysis, 98,
59-96, (1991).

From now on we assume that G is compact and has volume 1.

Then
fρ⊗ρ′ =

1
2

∫
G
Θ̌ρ(g̃)T (g̃) dg .

so that the projection on the ρ⊗ ρ′-isotypic component of L2(X) is equal to

Op ◦ K(fρ⊗ρ′) .
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Intertwining distributions and characters
There are

a moment map τ ′ : W → g∗ , τ ′(w)(x) = ⟨xw ,w⟩ ,
a well defined continuous map S(g′∗) ∋ ψ → ψ ◦ τ ′ ∈ S(W)
the associated push forward of distributions

τ ′∗ : S ′(W) → S ′(g′∗) , τ ′∗(f )(ψ) = f (ψ ◦ τ ′) .
There is also a Fourier transform

Fg′ : S(g′∗) → S(g′) , Fg′ψ(x) =
∫
g′∗

ψ(ξ)χ( 1
4ξ(x)) dξ

with the adjoint
F∗
g′ : S ′(g′) → S ′(g′∗) .

Set
c̃−(x) = c̃(x)c̃(0)−1 , x ∈ sp(W) .

Then c̃−(0) is the identity in the metaplectic group.

Theorem (“Characters, dual pairs and unipotent representations”, J. Funct.
Analysis 98 (1991), 59–96.)

c̃∗
−Θρ′ =

χρ(c̃(0))
deg ρ

(Θ ◦ c̃)F∗
g′ ◦ τ ′∗(fρ⊗ρ′) ,

where χρ is the central character of ρ.
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An example: (O1, Sp2n(R))

From the construction of the metaplectic group we see that its center Z̃ = Õ1 is

Z̃ = {(1; 1), (1;−1), (−1; ζ), (−1;−ζ)} ,

where ζ =
( i

2

) 1
2 dim W. The fraction

χ+(z̃) =
Θ(z̃)
|Θ(z̃)| (z̃ ∈ Z̃)

defines an irreducible character χ+ of the group Z̃. Let ε be the unique non-trivial
irreducible character of the two element group Z. Then

χ−(z̃) = ε(z)
Θ(z̃)
|Θ(z̃)| (z̃ ∈ Z̃)

is also an irreducible character of Z̃.
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Let

L2(X)+ ⊆ L2(X) denote the subspace of the even functions,

L2(X)− ⊆ L2(X) denote the subspace of the odd functions.

Then the restriction ω± of ω to L2(X)± is irreducible.

As we have seen above, the center Z̃ acts on L2(X)± via the character χ±. Thus χ± is
the central character of ω±.

Hence we have two representations χ+ ⊗ ω+ and χ− ⊗ ω− in Howe Correspondence
for the dual pair (Z̃ , S̃p(W)) isomorphic to (Õ1, S̃p2n(R)).

The corresponding intertwining distributions are

fχ+⊗ω+ =
1
4

∑
z̃∈Z̃

χ̌+(z̃)T (z̃) =
1
2
(
δ + 2− 1

2 dim WµW
)
,

fχ−⊗ω− =
1
4

∑
z̃∈Z̃

χ̌−(z̃)T (z̃) =
1
2
(
δ − 2− 1

2 dim WµW
)
,

where we normalize the total mass of Z to be 1, as we did for a general dual pair
(G,G′) with G compact.
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Harish-Chandra and Kirillov character formulas for ω, ω+ and ω−

Θ(g̃)2 = det(i(1 − g))−1 , g ∈ Spc(W) ,

Θ(c̃−(x)) = Θ(c̃(0)−1)Θ(c̃(x))
∫

W
χx(w) dw , x ∈ spc(W) ,

where the integral over W is the Fourier transform of an invariant measure on
τ ′(W \ {0}), one of the two minimal nilpotent orbits in sp∗(W) and∣∣Θ(c̃(0)−1)

∣∣ = 2− 1
2 dim W.

Θω+(g̃) =
1
2

(
χ+(1̃)Θ(1̃g̃) + χ+( ˜(−1))Θ( ˜(−1)g̃)

)
Θω+(c̃−(x)) = χ+(c̃(0)) ·Θ(c̃(x)) · 1

2

(
1 + 2− 1

2 dim W
∫

W
χx(w) dw

)
Θω−(g̃) =

1
2

(
χ+(1̃)Θ(1̃g̃)− χ+( ˜(−1))Θ( ˜(−1)g̃)

)
Θω−(c̃−(x)) = χ−(c̃(0)) ·Θ(c̃(x)) · 1

2

(
1 − 2− 1

2 dim W
∫

W
χx(w) dw

)
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Restricting Θ and Θω± to a maximal compact subgroup to obtain
Rossmann’s and Enright’s formulas

Recall the positive, compatible complex structure J on the symplectic space W. Then
SpJ ⊆ Sp is a maximal compact subgroup.

Fix a Cartan subgroup T ⊆ Sp(W)J . Decompose W into the direct sum of T-irreducibles

W =
n⊕

j=1

Wj

Let Jj = J|Wj . Then the Lie algebra of T is

t =
n⊕

j=1

RJj .

The complex Weyl group Sn ⋉ {1,−1}n acts on t by

(ϵσ)
n∑

j=1

xjJj =
n∑

j=1

ϵjxσ−1(j)Jj .

Set

λk

 n∑
j=1

xjJj

 = xk .
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We fix positive roots

iλj − iλk , iλj + iλk , i2λl (1 ≤ j < k ≤ n, 1 ≤ l ≤ n) .

Then ω± are the lowest weight representations with the lowest weight

±(
1
2

iλ1 +
1
2

iλ2 + · · ·+ 1
2

iλn) .

and the same Harish-Chandra parameter iµ equal to the lowest weight plus sum of
positive roots divided by 2. Let

p(x) =
∏
α>0

eα(x/2) − e−α(x/2)

α(x/2)
(x ∈ t) ,

p(x)Θ(ẽxp(x)) = C
∑

ϵ∈{1,−1}n

∑
σ∈Sn

sgn(σ)ei(ϵµ)(σ−1(x))∏
α>0 α(x)

,

p(x)Θ+(ẽxp(x)) = C
∑

ϵ∈{1,−1}n, sgn(ϵ)=1

∑
σ∈Sn

sgn(σ)ei(ϵµ)(σ−1(x))∏
α>0 α(x)

,

p(x)Θ−(ẽxp(x)) = −C
∑

ϵ∈{1,−1}n, sgn(ϵ)=−1

∑
σ∈Sn

sgn(σ)ei(ϵµ)(σ−1(x))∏
α>0 α(x)

.
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Enright and Merino character formulas

T. Enright1:

∏
1≤j<k≤n

(
ei 1

2 (xj+xk ) − e−i 1
2 (xj+xk )

) n∏
l=1

(
eixl − e−ixl

)
Θ(exp(x))

=
∑

ϵ∈{1,−1}n

∑
σ∈Sn

sgn(σ)ei(ϵµ)(σ−1(x))∏
1≤j<k≤n

(
ei 1

2 (xj−xk ) − e−i 1
2 (xj−xk )

)

Allan Merino 2 used the theorem expressing the character of the irreducible unitary
highest weight representation ρ′ in terms of the intertwining distribution to derive the
character formula for Θρ′ with a smaller denominator.

1“Analogues of Kostant’s -cohomology formulas for unitary highest weight modules”, J. reine angew. Math.
392 (1988), 27 –36.

2“Characters of some unitary highest weight representations via the theta correspondence”, J. Funct.
Analysis 279 (2020), 108698, 70.
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The dual pair (G,G′) as Lie supergroup

There are

a division algebra D = R, C, H with an involution over R,

a finite dimensional right D-vector space V with a positive definite hermitian form
(·, ·), and

a finite dimensional right D-vector space V′ with a non-degenerate skew-hermitian
form (·, ·)′

such that G coincides with the isometry group of (·, ·) and G′ coincides with the
isometry group of (·, ·)′.

Let V0 = V and V1 = V′. Set V = V0 ⊕ V1 and define an element S ∈ End(V) by

S(v0 + v1) = v0 − v1 (v0 ∈ V0, v1 ∈ V1).

Let

End(V)0 = {x ∈ End(V); Sx = xS},
End(V)1 = {x ∈ End(V); Sx = −xS},
GL(V)0 = End(V)0 ∩ GL(V).
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Denote by (·, ·)′′ the direct sum of the two forms (·, ·) and (·, ·)′. Let

s0 = {x ∈ End(V)0; (xu, v)′′ = −(u, xv)′′, u, v ∈ V} ,
s1 = {x ∈ End(V)1; (xu, v)′′ = (u,Sxv)′′, u, v ∈ V} ,
s = s0 ⊕ s1 ,

S = {s ∈ GL(V)0; (su, sv)′′ = (u, v)′′, u, v ∈ V} ,
⟨x , y⟩ = trD/R(Sxy) .

Then (S, s) is a real Lie supergroup, i.e. a real Lie group S together with a real Lie
superalgebra s = s0 ⊕ s1, whose even component s0 is the Lie algebra of S.
Define W = HomD(V1,V0). Then, by restriction,

W = s1 .

In terms of the notation introduced at the beginning of this section,

g = s0|V0
, g′ = s0|V1

, G = S|V0
, G′ = S|V1

.

With these identifications, the unnormalized moment map are

τ : W ∋ w → w2|V0
∈ g, τ ′ : W ∋ w → w2|V1

∈ g′.
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An element x ∈ s is called semisimple (resp., nilpotent) if x is semisimple (resp.,
nilpotent) as an endomorphism of V.

We say that a semisimple element x ∈ s1 is regular if it is nonzero and
dim(S.x) ≥ dim(S.y) for all semisimple y ∈ s1.

For x , y ∈ s1 let {x , y} = xy + yx ∈ s0 be their anticommutator.

The anticommutant and the double anticommutant of x in s1 are

xs1 = {y ∈ s1 : {x , y} = 0} ,
x s1s1 =

⋂
y∈x s1

ys1 ,

respectively.

A Cartan subspace h1 of s1 is defined as the double anticommutant of a regular
semisimple element x ∈ s1.

We denote by h1
reg the set of regular elements in h1.
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Let h2
1 ⊆ s0 be the subspace spanned by all the squares w2, w ∈ h1.

(This is a linear space, not a collection of squares.)

Let l be the rank of g, l ′ the rank of g′.

Suppose that l ≤ l ′. Then h2
1|V0

is a Cartan subalgebra of g which we denote by h. The
space h2

1|V1
is contained in an elliptic Cartan subalgebra of g′, say h′.

The relation
{(w2|V0

,w2|V1
) ∈ h× h′; w ∈ h1}

extends to a linear injection of h into h′. We shall identify h with the corresponding
subspace of h′.

We denote by z′ ⊆ g′ the centralizer of h.

Fix a system of positive roots for the adjoint action of h2
1 on s0C. By the identification, h

preserves both gC and g′C. So our choice of positive roots for (h2
1C, s0C) fixes a positive

root system of (hC, gC) and extends to a compatible positive root system for (h′C, g
′
C).

Let πg/h be the product of positive roots of (hC, gC) and let πg′/z′ be the product of
positive roots of (h′C, g

′
C) such that the corresponding root spaces do not occur in z′C.

Similar statements apply when l > l ′.
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Orbital integrals on W

Suppose first that G is different from O2l+1 with l < l ′.

For w ∈ h1
reg , the orbital integral attached to the orbit O(w) = S.w is the element

µO(w),h1
of S ′(W)S defined for ϕ ∈ S(W) by

µO(w),h1
(ϕ) =

∫
S/Sh1

ϕ(s.w) d(sSh1) .

Suppose now that G = O2l+1 with l < l ′.

Let V0 ⊆ V be the intersection of the kernels of the elements of h1.
Let w0 ∈ s1(V

0) be a non-zero element, w ∈ h1
reg and Sh1+w0 the centralizer of w + w0

in S.
Set O(w) = S.(w + w0) and define

µO(w),h1
(ϕ) =

∫
S/Sh1+w0

ϕ(s.(w + w0)) d(sSh1+w0) .
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The Weyl–Harish-Chandra integration formulas on W

For w ∈ h1, set

πs0/h
2
1
(w2) =

{
πg/h(τ(w))πg′/z′(τ

′(w)) if l ≤ l ′,

πg/z(τ(w))πg′/h′(τ
′(w)) if l ≥ l ′ .

Choose a positive Weyl chamber h+
1
⊆ h1

reg , i.e. an open fundamental domain for the
action of the Weyl group, W (S, h1).

There is a normalization dτ(w) of the Lebsegue measure on h, respectively a
normalization dτ ′(w) of the Lebsegue measure on h′, such that the following equalities
hold for all ϕ ∈ S(W):

µW(ϕ) =
∑
h1

∫
τ(h+

1
)

|πs0/h
2
1
(w2)|µO(w),h1

(ϕ) dτ(w) if l ≤ l ′ ,

µW(ϕ) =

∫
τ ′(h+

1
)

|πs0/h
2
1
(w2)|µO(w),h1

(ϕ) dτ ′(w) if l ≥ l ′ .

These are the Weyl–Harish-Chandra integration formulas on the symplectic space W.
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The Harish-Chandra regular almost-elliptic orbital integral on W

is the function
F :

⋃
h1

τ(h1
reg) → S ′(W)S

defined for every y ∈
⋃

h1
τ(h1

reg), y = τ(w) = τ ′(w) as follows:

F (y) =

{∑
h1

Ch1
πg′/z′(y)µO(w),h1

if l ≤ l ′,

Ch1
πg′/h′(y)µO(w),h1

if l > l ′.

Following Harish-Chandra’s notation, we shall write Fϕ(y) for F (y)(ϕ).
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Explicit formulas for the intertwining distributions

Lemma

Let G0 ⊆ G denote the connected identity component. Suppose (G,G′) = (Ud ,Up,q) or
(Spd ,O

∗
2m). Then G = G0 = −G0 and

fρ⊗ρ′ =

∫
G
Θ̌ρ(g̃)T (g̃) dg =

∫
−G0

Θ̌ρ(g̃)T (g̃) dg . (1)

Formula (1) holds also if (G,G′) = (Od , Sp2m(R)) with d even and Θρ supported in G̃0,
because G0 = SOd = − SOd = −G0. In the remaining cases

fρ⊗ρ′ =

∫
G
Θ̌ρ(g̃)T (g̃) dg =

∫
−G0

Θ̌ρ(g̃)T (g̃) dg +

∫
G\(−G0)

Θ̌ρ(g̃)T (g̃) dg . (2)
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For two integers a and b define the following functions in the real variable ξ,

Pa,b,2(ξ) =

{ ∑b−1
k=0

a(a+1)···(a+k−1)
k!(b−1−k)! 2−a−kξb−1−k if b ≥ 1

0 if b ≤ 0,

Pa,b,−2(ξ) =

{
(−1)a+b−1 ∑a−1

k=0
b(b+1)···(b+k−1)

k!(a−1−k)! (−2)−b−kξa−1−k if a ≥ 1
0 if a ≤ 0,

where a(a + 1) · · · (a + k − 1) = 1 if k = 0.
Set

Pa,b(ξ) = 2π(Pa,b,2(ξ)IR+(ξ) + Pa,b,−2(ξ)IR−(ξ))

= 2π(Pa,b,2(ξ)IR+(ξ) + Pb,a,2(−ξ)IR+(−ξ)) ,

where IS denotes the indicator function of the set S.
Also, let

Qa,b(iy) = 2π


0 if a + b ≥ 1,∑−a

k=b
a(a+1)···(a+k−1)

k! 2−a−k (1 − iy)k−b if − a > b − 1 ≥ 0,∑−b
k=a

b(b+1)···(b+k−1)
k! 2−b−k (1 + iy)k−a if − b > a − 1 ≥ 0,

(1 + iy)−a(1 − iy)−b if a ≤ 0 and b ≤ 0.
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Let µ ∈ ih(g)∗ be the Harish-Chandra parameter of ρ with µ1 > µ2 > · · · . This means
that µ = λ+ ρg/h, where λ is the highest weight of ρ and ρg/h is one half times the sum
of the positive roots of (gC, hC). Define

aj = −µj − δ + 1 , bj = µj − δ + 1

pj(ξ) = Paj ,bj (βξ)e
−β|ξ| , qj(ξ) = β−1Qaj ,bj (β

−1ξ) (1 ≤ j ≤ l ′′, ξ ∈ R) ,

where δ is an explicit constant depending on (G,G′) and β =

{
2π if D = R or C ,
4π if D = H

.

Notice that aj and bj are integers.

Theorem
Let l ≤ l ′. Then there is a non-zero constant C which depends only on the dual pair
(G,G′) such that for all ϕ ∈ S(W)

∫
−G0

Θ̌ρ(g̃)T (g̃)(ϕ) dg = C κ0χ̌ρ(c̃(0))
∫
h∩τ(W)

 l∏
j=1

pj(yj) + qj(−∂yj )δ0(yj)

 · Fϕ(y) dy

where χρ is the central character of ρ, δ0 is the Dirac delta at 0.
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Main results

This theorem computes the intertwining distributions if G is not a real orthogonal
group. We also computed the intertwining distributions in all remaining cases and
obtained similarly looking formulas.

In “most cases”, by applying our formulas to an arbitrary genuine irreducible
representation ρ of G̃, we determine the highest weights that occur in the
correspondence. We know when the intertwining distribution is a function or a
measure.

By computing the asymptotics of intertwining distribution we recover the wave
front set of the representation of G̃′.

The SBOs are never differential operators and their Weyl symbols (the intertwining
distributions) may be singular distributions.

In the case G = Ul , G′ = Ul′ , we prove the existence of Howe’s correspondence.
This is equivalent to the First Fundamental Theorem of the Classical Invariant
Theory. Thus we have a proof of that theorem by purely analytic means.
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Thank you!
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