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①

Giconn . nednctive alg group σ : involution
i . e . ∂

2
= 1

H = G
σ
: symmetric subgroup

( assumed to be connected or take the )
conr . comp .

上 GIRσ=θ : Cartaninu .～ ) K = G θー

BCGE : Borel subgrp
: a max cptsubgrp

{ P # KEIGE/BC
∞ HCCof .k4 ) - modnles

② # BIGQ/B cD ht weight
modules駟

alots of deep represartationtheory hich Idon
' t enter ]



②
NOW H =GTCG sothat ( G , H) : symnetric pair

{ oce
: parabolic subgrp Cpsg forshort )

PCG : ー "ー

double flag variety for symmetric pair (DFV)

t: =HIQXGIP∞
H
actsdiagonally

↑
ex portial flag varietiesー

G = GLn 7= GLPXGL8 ( n = p+8 ) /F = 1R , 4 even ①

Q =BHz。 cH : Bree , P= 機斷 CGimaxpsg



上 TypeA正 ③
G = GLn フトにGLPXGL8 ( n = p+8 )

Q =BH =⑭。 CH : Borel , p= CG : maxpag

rGrassmanniar
0

M) t . = H/BHX GCP =FlP× ) × Grr (n )
m

T β

on wrich H=GLPXGLE acts varieties of camplere flags

H- orlits巡 ot oftypeA has finitelymarry √
nwww

☆

Classifications by utd tableanx t is called of finitetypegemealizationosksko



④
F : DFTI¢ . … aseveral joint workswithaucasFresse

- classificat ion ofof offin ( alsoby HNO0 2013]
Hx/HCD finiteoritsstill not complete , remains open

complete for tyeAIfrFOCH, TPCG Latter Homma' 21] }

- parametrization ofH -orlits ont
dimensions , dosurerelations , …

ー steinberg theory & rRSKcorrespondences

nilpotent varieties acamfinatorics

- Hecke algera actions on orit spaces



/ IR … a few results are known ⑤
ex intertwiners between degenerate principalseries
ー

Kobayastri - Osrima … P' : minimal psg a HMGIP
2013{ I. Tauchizo 、8, 2021

し " HO G/PI (PCG : Sg )

[π : IndG
τ
]C ∞ ⇒ Ioper H- ornt R # HIG/PL ∞

Fπ E G
'

adm , teEtit

π EQ - series 表 ー 1 /一 声 # HIG/QCD

醱 θ

Thus we are intenested in DEV/ 1R

( lots of things todo )



$ over R Now we go into he DFVS/ IR . ⑥
recall t = HIQXGIp dag H

Ist remnk Ht ¢/ H4LD⇒ # A / CHL∞

So we kNow momy examples of DEvs of finite
type

due to Fresse - N. , He -N- Ochiai
- OshimaJr
.

」

2nd remonk Galois conomoloazy will tell you about

real orlits in abstract way not sopractical②～m

We rick one of the well knowncases knownas typeAI

[ ( GL,(4)/B× GLq(¢)/Bq ) × GLu (4)/ Pmax二 lp(4)× Flq(¢) × Gri(en) ]



$ Hermitian dontle flag varieties ⑰
G = UCP, P )

→ GCPIP)=Vindefinitemitary group

Hermitian form
< U ,v ) =

U
*. V 各に (品繹

G = { gEGLip (¢) / g
*Jpg = p と

atc , btdtHerp (c )
= { g = 19 ) EGLptp (4 > atd - ctb = Ip }

WCT =GCpip)iscalled Hermition Sagrangion subspae
/k

m

if it is max isotropic wirtC - . - > 」 (Lsubsp )

Reman amatural inclusims : SpCp . p) 7 G = UCPP ) 7 SpipCIR)
し ～

symmetric Symmetric



Tnere are several choices ofsymmetric anogroups Hfor G⑧



std basis hee , ez :, epl uhepy , … ,epy of T = GCP 1 P) ⑨
fn , fr ;. fp

WI
:- Lex ,… . , ep >

{ ん-
-

:

= { fr, … , fp ?
: HL SUOSP &T=WTDW :polardecmp.

⑲ max psg P- StaGG (WT) CG 2 P
2 tpr = 3 p

2

P = LANEGLp (4) K Herp
(¢ )

symm. subgup involutin σ : I ! 品 - }
H = Go = STatG (W

+) n StabG (W-) matrix nealization
= L ∠

←

GLp (G ) H = { ( 香継線-) / gaGlp (4 )}
ChooseQ =BCH : Borel suogrp

BI BP CGlpl¢ ) : upperO Borel subgrp

Thus x = H /B XGIE



Lemmoa Z = HIBXG/P ⇒ H ALHLD」 ⑩
n
…

↑

GLpLQ)/BP Cp,P )/Pmax(
t is of finitetypemmn)

⑪ 4 - fy t¢= H4/B4 × G4 IP4

H4/B4 = GLp (C/BP × GLP (E)/BP 關{ G4/ P¢ = GL 2p (4)/PCpP ) ～0
reduices lL
vinx TYPe AI DFU14 oS finite type (of . [

N- Ocniairo
"

s )

since t/H ← BIG/P ( BCH : Borel of H )
mm

we are interested in the nealization of

XGIPUCPIP /GLP (4)KHerp(4))

the Grassmannicn of Hermition Sagrangion suospaes



$

Grassmanniom of Hermitian Lagrangian subspaces
⑪

write X = GIP LDONOT CoNFuse with of )

nsX{ wCT:Sagrangiansubsp } ← G

Witt Thewern 紫W
*ー← 柴

since it is a basis

! LMip . p / GLp(4 ) where
rank = P

ーσ

LMipip = { (vi " … .vp ) |basisafw } = 治 ) / _*DtHerp(a ) }
ー! Yee below

~) ( 5 ) = (ve . … vp ) ← isotropicvectors ー
of ftll rank

! ( 台)
*
J[ b] = ( c *

D
).、品 ) ( 台 ) = G(- D

*c + c
*D) = 0

!
i , e . C*D = DTCEHerp( ! )

… LMrip * Herp (4) surjective
coambe degenerate Ψl 店 )→ (*ロ 1/



! : LMxp 2 ( 台 ) ! Herp(Q ) 7 C*D ⑫
is Bp - invariant a Glp(4) - equivariant

GLp(4)s Herp (4) by gAg
*

bEBp , gEGLp(C )

(台 ) .g ()g* 1!bg
*

(b
*

^ Dg
*

!
n 1b) = 1凸可 gCtb*Dg*

= gctDgtrightaction

H /HS Herp(
4)/ GLp(4 )」 twisism.

classified by signaturecsyluester's innertial

OHHRBXEBILMIP/GLp(4) ! Herp(4/GLp(4)
y



! 1st classification :pantial permutatims ⑬
ー

Using elemertarymoves from
"

Linear AlgetraI
"

we get

reprecentatives of orlits frm signedpartialpermut

Cて EPPICP),2 : = {!= (長 )It*

k } !
entries one in { 0

,
± 1 }

where PPICp)
mmn

7 E
each raw /colmnncmtains
at most one non-zeromember

o typec
/ HP 12/r)P)

」

weyegroup
!

acts n en , czsimultanconsly asoy mult by right



! symmetric cones of Herp (4 ) : non -degenrate case ⑭
To undustand tlH more precisely , ne nill cousian

LMzr. p )LMi .p = { 治 )←LMr.ldetDto} :stable
under

BXGLp(4 )

By the action of Glpl4 ) , wecar assume D= Ip sothat

( S
,

/ ELMIpp , C* = CEHerp(4 )

Then bEBp acts a nomoreex

(今= (、に (呼時 b
*

凵 Heriris)
(4 )

6 OErtsEp

" BplLMipp/Glp(4 ) ! BplHerbÉ
decaup by signaturea

degeneracy



peruuitation
group ! ⑮
)Lemma Herp(

)I U BrsIGLr+ sL4 /oir.s) × ( ssrts×st ) )
rtstt = p

I turther non- deg case rts = p isessential .Forttris ,

Glp(4) / UCris )
→

Hercris) (4 )
∞ Staliliza=Ucris )

! g ( O- lg
*

degenerate case : choose Ist rts block .
then

BplHercrisit) ( ]← BPIGLPLCYl [← Bris(GLrts/ UCris))
ぃ

GLt (6 ) ) ] /XEIS! St) ) (OS
) *

by Bruhat decmposition



⑯
4 2nd classification ; symm . cones in Herp( e)

巡 tLHRBIG(PBeHere'Sple! spes)

&

Herp(
4)← U Brs((GLr

+s(4)/orris)!(/s ×st )人rtstt = p

Thus we are left to amalyse: BplGLp(4 ) /UCr, s ) ( p = rts)

which is fanilianto us
.

mmm



KGBtheory& Matsukiduality ⑰
Only for a short moment ,wensea seneralsetting

G4 = GLp ( 4 ) っ GIR= UCViS) non - cpt
U U[ k4
= GLr ! Gls 2 KR=U(r) XU

'

CS ) max -ept

E- fication iR- groups
。

full flag var .

Matsukidnality { Gir - owlits onG 4/B4 }

ts Matsukiauality
v

KGBtheory
classificatim azNG { ka - orlits on Ga/BeY

6 classification
K41G 4 /B4

二 GLrxGLsIGLp/Bp using " cloms
1/

Cby Matsuki - Oshima)



ら 3 rd classification : decorated graphs ⑱
Interpretatin ofclans

"

by grapus p- nertices with

arcsa I- monking
Cris )= [ 4 , 3 ] へ { HGrCs t H (H)

'

s =!

⑪ 000 0 0 ④ HArcst # (-)
'
s = S

1 2 3 4 5 6 7 = P

ALH二 PXCp) : grapusof p - vertices with

arcs , signs I
, upordown u/d

へ へ
X ⑥ 0 @ 0 0 @⑥

1 2 3 4 5 6 2 8 9 」 」



5 Dimensions a closure nelations ⑨
e上 The case of U(2 , 2) ( p = 27 in X=G/P

!

dimm

4 cmplete cloqure
on represents 1 nelations remain)へ 3
0 0 open

～

arc

2

1

0



. Further problems ⑳
- Steinberg theory /k a Rskcornespondence

Weyl grouplHecke alg actim n orcits .

ms springertheory

Intertwining integral operators between degenerate
principal series neprecentations

cf . IN.
- Qrsted 2018 JFAJ

- dimensionformulas( closure nelations

ー other aymmetric groups
H = ECP(8 , ) × UCP2 , 82 ) , SOCp, 8)

,
SpCP' E

' )
,

SOX2P) ,SPに DIR)

lots of morea. .
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Thank You ! ! for your
attention②




