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Kostant's Theorems

g: a complex semisimple Lie algebra.

U(g): the universal enveloping algebra of g.
bh: a Cartan subalgebra.

F: a finite-dimensional simple g-module.
A(F): the multiset of all weights of F.

m: U(g) — End X

a g-module with an infinitesimal character x, (A € b*).

Theorem (Kostant) An infinitesimal character which occurs in
the tensor product X ® F must be
Xty for some p; in A(F).



Question

Question Which x4, does occur?

E.g. If X = C (infl char x,,) and F = F,, simple module with
highest weight i, then X, ,, occurs for p; = 1 only.



A quick answer

F has distinct weights 1, ..., (g, with multiplicity di, ..., dk.

Assume that X is a Harish-Chandra module with infinitesimal
character .

Suppose that characters Xy, .- Xa+u, are distinct. Then
XQF=X1®--- @& Xk
such that Xi, ..., Xk are the maximal submodules with

infinitesimal characters X4, -« XAy

Theorem Assume G is of equal rank and x) is regular. Then
Hp(X) # 0 implies that X; # 0, provided that x4, is regular.



The Kostant algebra

F.: a simple g-module with highest weight

m: U(g) — End X

be an arbitrary g-module having an infinitesimal character .
Kostant introduced the following algebras

R = (U(g) ® End F,,)®

and
R: = (m[U(g)] ® End F,)?.

There is a surjective homomorphism of algebras R — R;.



Structure of R
Consider the map
§:U(g) = U(g) ® End F,

defined by
I(x) =x®1+1®m,(x) for x € g,

which extends to a homomorphism of associative algebras.

Then R is commutants of 6(U(g)) in U(g) ® End F,,.
Yu e Z(g), 6(u) isin R. Thus, 6(Z(g)) is in the center of R.

There is a g-submodule E of U(g) such that the multiplication
Z(g) ® E — U(g)

is a g-isomorphism. Thus, R is a free Z(g)-module.



Kostant Theorems

Kostant showed that R is a free Z(g)-module of rank equal to

k

Assume that m = 7, is an irreducible finite-dimensional g-module
Fr = F, with highest weight v.

Kostant defined 1 to be totally subordinate to v if the number of
irreducible constituents in F, ® F,, is equal to d,: =dimF,. In
this case, there is an isomorphism of algebras

k
Rr, — @D Mat4,(C).

i=1



Structure of R;

Theorem (Kostant) Let v € Z(g) and i = (7 ® 7m,)(u). Then
the operator i in X ® F, satisfies the equation

k

H(ﬁ — X (0)) = 0.

i=1

Remark Suppose among X4y, - - Xatu,, M of them that are
different. Thus, for any 1 < < k, one has A + pi; is Wy conjugate
to A + p; for some unique j, where 1 < j < m. Let k; be the
multiplicity of x4, so that > ki = k. Then i satisfies the

equation
m

1@ = s, ()9 =0.

Jj=1



Minimal polynomial of i

Theorem Let X be g-module with an infinitesimal character x.
Let u € Z(g) and i = (7 ® m,)(u). Suppose

are linearly independent in Ry, i.e., the minimal polynomial of i
has degree k. Then all generalized infinitesimal characters
XApns -+ -3 Xhpum OCCUr in X @ F.



Dirac cohomology

G: is a connected semisimple Lie group with finite center.
K: a maximal compact subgroup, with a maximal torus T.
Let g = £ + p be the complexified Cartan involution.

B: a non-degenerate symmetric invariant bilinear form on g.
C(p): the Clifford algebra of p with respect to B.

n
D: =) Zi®Z e Ug)® C(p);
i=1
here Z1,...,Z, is an orthonormal basis of p with respect to B.
D is independent of the choice of bases and invariant under the

diagonal adjoint action of K.
Then
D? = —G @1+ Gy + (locll? ~ [lolP)1® 1,

where p and p. are half sums of positive roots for (g, h) and (&,t)
respectively.



Dirac cohomology

Let X be a (g, K)-module of finite length.

Definition The Dirac cohomology is defined as follows:
Hp(X): = KerD/Im D N KerD.

Then Hp(X) is a finite-dimensional module for the spin double
cover K of K.

Theorem (Huang-Pandzic) Let X be a (g, K)-module with an
infinitesimal character ya corresponding to parameter A € bh*.
Suppose that Hp(X) contains a representation of K with
infinitesimal character A. Then A and A € t* C h* are conjugate
under Wj;.



Dirac index

Now assume that G has a compact Cartan subgroup T.
Since p is even-dimensional, the spin module S decomposes as
St @ S, with the £-submodules ST being the even respectively

odd part of S.
Let X = X, be the Harish-Chandra module of an admissible
representation m of G or a (g, K)-module of finite length.

Definition The spin index /(X) is defined to be the following
virtual K-module:

IX)=X®St—-X®5™.



Dirac index

The Dirac operator D induces the action of the following
K-equivariant operators

DT X® ST - X®ST.

D? acts by a scalar on each R—type, most of K-modules in X @ S+
are the same asin X ® S™.

I(X) is a virtual K-module, an integer combination of finitely
many K-modules.

Lemma The spin index is equal to the Euler characteristic of Dirac
cohomology, i.e.,

1(X) = HE(X) — Hp(X).



Dirac cohomology and Dirac index

Theorem Suppose that an irreducible Harish-Chandra module X
has regular infinitesimal character. Then

Hom 2 (H} (X), Hp (X)) = 0.

Thus, Dirac index /(X) = 0 iff Dirac cohomology Hp(X) = 0.



Decomposing tensor product

Let X be a Harish-Chandra module with a regular x). Assume that
X ® F is decomposed into a direct sum of Harish-Chandra modules

XQF=X1 @& @& Xk,
such that Xi, ..., Xk have (distinct) infinitesimal character

X1y« -+ XA, respectively.

Set Ey = sign(w)E,, to be a family of finite-dimensional virtual
K-module if there is a w € W, such that wA — p. is the highest
weight of K-module E,», and E\ = 0 if there is no such a w.

Extend the definition of EA to all A € t*.

By definition, E is a “coherent family”.



Main Theorem
Theorem Suppose that

1X)= Y awEwx,
we Wy
with integers a,,. Then
1) =di Y awEw(iu):
we W,

with the same integers a,, .
Proof

k
YNIX)=IX)@F =Y awEnm®F.
i=1 we Wy

Since E is a coherent family for K, and F can be viewed as a
finite-dimensional K-module, one has

Z 3WEWA®F: Z dw Z Ewk+u'

we W we W HEA(F)



Proof

Fix w € Wy, w permutes A(F).

Z EW>\+/L_ Z EW)\—l-Wu

HEA(F) HEA(F
It follows that
k
DX =D aw > Ewpiw =2 di D awEupuiuy:
i=1 weW,  peA(F) i weW,

Separating terms corresponding to different infinitesimal characters

/(X,) = d,' Z aWEW()\+M,.).

we W,



Criterion

Corollary Suppose that G is of equal rank and A is regular.
Then Hp(X) # 0 = X; # 0 provided that A\ + p; is regular.



General case

Suppose among X4, - - - XA+ M of them that are different.
Thus, for any 1 </ < k, one has A + p; is W, conjugate to A + p;
for some unique j, where 1 <j < m.

In this case, Kostant showed that X ® F is decomposed into a
direct sum of Harish-Chandra modules

XQF=Y1&---® Yy,

Yj is the max’l submodule with generalized infl char x4 ;.

Remark Z(g) = Clu, ..., us). Let N be n-dimensional subspace
spanned by the u;. Then u — X1, (u) defines a functional L; on
N. Lj # L; (i # j). Let No be the Zariski open subset on which
[Ti;(Li = Lj) # 0. Fix u € No, xr4y,(u) j=1,...,mare
different. Then Yj = {y € X ® F|(u — Xa41,(u))5y = 0} is the
max'l submodule with generalized infl char x4,



General case

Theorem Suppose that

1) =Y awEun,

we Wy

with the integer coefficients a,,. Then

I(Yj) = Z di Z aWEW()\-HLi)’ (5.2)

i we Wy

with the same integers a,,, and the sum over j is for all i such that
XA+pi = XA+p;-



Coherent family

Assume that G has a compact Cartan subgroup T.
Denote by A C T C t*, the lattice of weights of finite-dimensional
representations of G.
Given \g € t*, a family of virtual (g, K)-modules Xy, A € Ao + A,
is called coherent if

(i) Xy has infinitesimal character \; and

(i) for any finite-dimensional (g, K)-module F, and for any
AE XN+ A,

X\®F= Y Xy
HEA(F)



Coherent family

A virtual (g, K)-module X with regular A\g € t* can be placed in a
unique coherent family as above. Then one has

(X)) @F= > 1(Xasp)-
REA(F)

This shows that the family {/(X))} (A € Ao + A) of virtual
K-modules has some coherent properties.

It is not a coherent family for K, as /(X)) does not have
E-infinitesimal character A.



Translation principle

Theorem (Mehdi-Pandzi¢-Vogan)

Suppose Ag is regular for g. Let X\, A € A\g + A, be a coherent
family of virtual (g, K)-modules based on Ag + A.

Suppose that

I(XAO): Z aWEWAO.
we W

with integer coefficients a,,. Then for any u € A,

I(Xno+u) = Z awEw(ro+u);
we Wy

with the same coefficients a,,.



Comparison with coherent family

Proposition

Let X be a Harish-Chandra module with regular infinitesimal
character Ag.

Let X\, A € A\g + A be the unique coherent family of virtual
(g, K)-modules with Xy, = X.

Assume that X ® F is decomposed into a direct sum of
Harish-Chandra modules

XQF=X1®---® X,

with distinct infinitesimal characters A 4+ p;. Then for any
i=1,...,k,
/(Xi) = di/(X)\o-HM)-



Comparison with coherent family

Proposition

Let X be a Harish-Chandra module with regular infinitesimal
character \g.

Let X\, A € A\g + A be the unique coherent family of virtual
(g, K)-modules with X, = X.

Let Yj be the maximal submodule in X ® F with generalised
infinitesimal character x,+,,. Then forany j=1,...,m,

106) = 3 il (Xog).

with sum over i such that X, 4., = Xag+u;-



Thank You!



Appendix: twisted Dirac index

Barbasch-Trapa-Pandzi¢ had defined twisted Dirac index lg(X),
which is a virtual K-module, an integer combination of finitely
many K-modules as follows

(X)) =(X®S)" - (X®85)".
Lemma The spin index is equal to
lo(X) = (Hp(X))" — (Hp(X))™.

Work in Progress We extend the main results to the non-equal
rank case in terms of twisted Dirac index.



