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Branching Problems
G: agroup; H G: a subgroup
©: representation of G; : representation of H
Multiplicity: m(©; ) = dimHomyx(©; )?
Spectrum: For a given ©, how to determine and characterize
Specy(©) :=F jm(©; )6 0g?

Expectation: Specy(©) depends on the geometry of (G;H) or
the homogeneous space

X=H n(G H)

and the wavefront set WF(©) or the size of ©.



Weil Representation and Theta Correspondence

(V;(; )) orthogonal space and (U; < ; =) symplectic space.
V. U=W with (;) < ; >isa symplectic space.

O(V) Sp(U) Sp(W): areductive dual pair. U =X Y
polarization implies W = (V. X) (V. Y).

: a non-trivial character of F; (1 ;S(V  X)): the Schrddinger
model of the Weil representation of Mpy, (F).

The restriction I to Oy(F) Mpy(F) yields the Howe Duality
Speco, ) (T ) ¥ Specyp, (! )

Homo, ) mp,)(1 7 ) ED:
The key point is that the wavefront set WF(! ) = Opin [ fOg.



Howe Duality and Theta Correspondence
The relation between
2 Speco, r)(Y ) and 2 Specyp, (Y ):

is predicted by the Adams conjecture.

Adams Conjecture (1989): If ( ; ) occurs in the theta
correspondence, then and  are related in terms of
Arthur-Langlands transfer, instead of the Langlands transfer.

The same are expected for exceptional theta correspondences
with minimal representations of any reductive groups (or their
covering groups).

There are also results by Bump, Friedberg, Ginzburg,... that if the
minimal representation is replaced by some small representations,
there might be still reasonably good correspondences.



Wavefront Set

F: local eld of char. 0;G: reductiveF-split.

r (G) the set of equiv. classes of irred. adm. representations of
G, which are of Casselman-Wallach typeFfis archimedean.

Wavefront Set: WF( ) for 2 £(G) can be de ned via
I WFgeo( ): Singular support of  (Howe, Heifetz);

I WFy ( ): Germ expansion of (Howe, Harish-Chandra,
Barbasch-Vogan)

WFwm( ): Degenerate Whittaker modules (Kawanaka,
M glin-Waldspurger, Gomez-Gourevitch-Sahi)

WF4i( ): Descent of enhanced-parameters (J.-Liu-Zhang)

Wavefront Set Conjecture/Theorem:
WFgeo( )T = WEy ()M = WEwm( )™= WFg( )™



Degenerate Whittaker Model and Wavefront Set
Nk (g) is the set of F-rational nilpotent elements irg(F).
Nge(g) is the set of allF-rational Ad(G)-orbits in Ng(g).
Ng(g) is the set ofF-stable orbits fromNg(g) .

Classical Theorem: The setNg(g)$t is nite and is parameterized
by combinatorical data (partitions or Bala-Carter data).

The classi cation of the seNg(g) is also known via various
methods by many people. Most relevant to this talk is the work of
Gomez-Zhu 2014.

For X 2 Ng(Q), there is ansl,-triple fX; ~; Y g.

Viaad(~), 9= 2z g7 with g7 := fx 2 g: ad(~)(x) = ixg.



Degenerate Whittaker Model and Wavefront Set

Denote byu= § 105 pP= i 00 andm= gj.
Denote byUyx = U = exp(u), and similarP and M.
P = Mn U is a parabolic ofG, depending orO§ up to conjugate.
Takeux.> = i 20 andUx.» = exp(ux:z).
Fix a character ¢ 6 1 of F and an inv. nondeg. bilinear form.
x (expA) = o (X;A) for A2 ux:2
de nes a character oty ..
Ifg 1=0, then U = Ux.,. Take My := Staby( x) M

Ifg 160, 1(A;B):= (ad(X)A;B) (A;B 2 g 3)is symplectic.



Degenerate Whittaker Model and Wavefront Set

Hx = g 1 F is a Heisenberg group with a surjective morphism:
x - Ux 7' H x given by

x (exp(A)exp2)) = (A; (X;2)) for A2 g 1;Z 2 uxo:
x factors throughUyx . and de nes a central character dfix .

The oscillator representation! ( ,;V , ) of Hx is also that ofUy.

For 2 £((G), de ne degenerate Whittaker modules of

Ix( )=V bvo =f I- (v vju2Ux;v2V bv-g
which depends only on thE-rational nilpotent orbit of X.

WFum( ):=fO2N g(g) jIx( )60; for someX 2 Og:



Computing Wavefront Set

Motivated by the understanding of the unitary dual via the orbit
method, it is important to compute the wavefront sets.

Adams-Vogan (2021) provides an (atlas) algorithm to compute the
wavefront sets or associated varieties fo2 r(G).

Unipotent Representations
| Waldspurger (2018,2019,202080,,+1 overp-adic F.

| Ciubotaru, Mason-Brown, and Okada (2021,2022, 2023,
2024). general reductive groups (special types).

| Barbasch, Ma, Sun, and Zhu (a series of recent papers):
Special unipotent representations of classical groups.

| Other related work...

Representations with Generic A-parameters
J.-Zhang (2018); J.-Liu-Zhang (2022); Chen-J.-Liu-Zhang (2023)
by using local descent for classical groups.



WF,m( ) and Local Descent: Classical Groups

G classical group, says = SOyn+1 (F); F local eld of char. 0.

WFym( ) consists of orthogonal partitionp =[pip2  pr] of
2n+1, with p1  p2 pr > 0.

Question: For a given 2 ¢g(G), what is the largest parip such
that the partition

p=[p 1]
occurs iINWFym( )?

For G = SOppn+1 (F), such a partition must be of the form
=2+ 1170 ]

with * =0;1; n.



WF,m( ) and Local Descent: Classical Groups

Whenp. corresponds tdD-, for X 2 O+, one may choose

0 1
z X w
Ux = U‘;X:fU:@O |2(n )1 X%g; g 1=0;
0 0 z°
with z a upper-triangular unipotent irGL-. The character
x = x can be chosen to be
wx(M) = (z2+  +2z 1) (x5 x>)

with x- the last low ofx, which is a vector inFF2(™ )*1 ‘and  is
an anisotropic vectoF 2" J)*1  correspondingk 2 O-

M-x = Stabso,, ., ( x) Is anF-rational form of SOy, .

For 2 £((G), Ix(V ) is a representation oM-.x .



WF,m( ) and Local Descent: Classical Groups

Multiplicity One Theorem: Forany 2 g(M-x), we have
dime Homy., (Ix(V )b -;1) 1L

WhenF is p-adic, Aizenbud-Gourevitch-Rallis-Schi mann (2010)
for " =0; for ° 1, Gan-Gross-Prasad (2012).

WhenF is archimedean, Sun-Zhu (2012) for=0; for ©= 1,
J.-Sun-Zhu (2010). (Also Sun and Liu-Sun)

(p;1)=(2"+1:1 )(Bassel Casg (27;1 )(Fourier Jacobi Casé:

8
2 (SGy; SO p);

(GhiMux) = | (SPaniMp2n ) OF (MP2n; SPan p):
" (Uny Uy p):



Local Descents: Classical Groups

J Xo(V ) SOZn

Ix. (V) SO 242
%
SOon+1 ! J x(V)) SO 2

Ixa(V)) SO 2 2

I(V) SOy



Local Descent: Classical Groups

For 2 ¢(G), thereisangs.t. Jx,(V )) 6 0 for some
X020, butIx(V))=0forany o<~ n;anyX 20-.

This integer’g = “o( ) is called the rst occurrence index of
Write D-,.x,(V ) = Jx,(V ) and call it the local descent of

Conjecture (JZ2018); (JLZ2024): For any 2 ¢(G) with
genericL-parameter, ifp; is the largest part inp =[pip2  pr]
that belongs toWF ym( )™, with p1  p2 pr > 0, then

pr =2 o+ 1(Bessel casg pi1 =2 o(Fourier Jacobi casé;
with "o = “o( ).

Question: How to determine’o( )? and how to determine the
spectral decomposition of the local descebt,x,(V )?



Local Descent: Classical Groups

Discreteness Theorem (JZ2018; JLZ2022; CJLZ2023): LetG
be a quasisplit classical group over any local éldof char. zero.
If 2 g(G) has a generid-parameter, then thdocal descent
D-,:x,(V ) has the following properties:

L Dgxo(V)= 1 2 m is multiplicity free;
2. j are irreducible square-integrable representationsviof.x;
3. all ;s belong to di erent Vogan packets.

Submodule Theorem (JZ2018; JLZ2022; CJLZ2023): The
same as above. If 2 ((G) has a generid.-parameter, then
there exists o 1 and a discrete series2 ¢(M-,.x) such that

IndG(F)(F)( )

Rox = Myxn U xifg 1=0;, M xnH xifg 160.



Local Langlands Conjecture

Local Langlands Conjecture: Any 2 ¢(G) can be written as
= ()
with a L-parameter
“Wg SLy(C)! ‘G

and a , which is a character of the component gro% of the
centralizerS .

If G is F-quasisplit andG is a pure inner form ofs . then the
local Vogan packet is de ned by

Gl=[c (G)

where (G) is the locallL-packet of G associated with , which is
the empty set if is not compatible withG.



Local Langlands Conjecture

Local Langlands Conjecture: Given 2 ¢(G ), thereisa
bijection
[G]!' S
with the property that for any 2  [G ], there exists a unique
28 ,st. = (; ), uptoachoice of Whittaker
normalization and a choice of the rationality of the local Langlands
correspondence.

This version of theLocal Langlands Conjecture for classical
groups overp-adic local elds has been established through the
endoscopic classi cation for classical groups by J. Arthur, and the
work of C. M glin, and others.

The local Langlands conjecture for reductive groups over
archimedean local elds follows from the Langlands classi cation
theory.



Local Gan-Gross-Prasad Conjecture
G,: F-quasisplitSOzn+1 and Gy: pure innerF-form of G,

For an odd integer with 0<™ n, H, .: F-quasisplitSOy, 2.
gen(G,): generic localL-parameters forG,

Forany 0 ~ n, the Hom-space
dime Homy., (Ix(V )b —;1)=1

whereM-.x is a pure inner form oH, -, for some = (', )
and = (; Qwith' 2 gen(G,)and 2 gen(H, -); and

2S and 92 S if and only if the pair of the characters;( 9
can be computed explicitly by means of the local root numbers, i.e.

= . and 0= . ;

where the de nition of (. ; . )is part of the local GGP.



Local Gan-Gross-Prasad Conjecture

Theorem (Waldspurger, M glin, Beuzart-Plessis, Atobe,
Gan, Ichino, Xue, Luo, Chen, ...): The local GGP holds.

With a xed rational structures for the local Langlands
correspondence and for the local GGP conjecture, we obtain

Parameterization Theorem (JZ2018; JLZ2022; CJLZ2023):
The same as above. If= ('} )2 - [G]with' 2 gn(G,)
and 2 S , then each j occurring in thelocal descent:

Dyuxo(V)= 1 2 m

has an enhancet-parameter (j; ;) with ;2 gen(H, - ) with
H, ,= M x,and j2 Sj, ie.

n

= & and ;= Zj;. forsome z2 F :



Descent of Enhancedparameters

The explicit local descents yields the commutative diagram:

- [Gy] s

# #

How fyo vt (5 99

We start with 2+ [G,]. By the local descent at the rst
occurrence index, we obtain that all are square-integrable.

Hence we may repeat the local descent fromto get the
complete "spectrum” of similar to the Bernstein-Zelevinsky
derivatives forG = GL,,.



Descent of Enhancedparameters
We now discuss a joint work with D. Liu and L. Zhang (JLZ2022).

With a xed Whittaker datum, for any 2 - [G,], there exists a
unique 2S ,st. = (5 ).

For (; )2 gen(G, H, -), thelocal GGP conjecture
computes (# ; % )ofS S ,forsomez2Z :=F =F 2,

For0<® n,' 2 g4n(G,)and 2§, the -th descent along
zof (; )is denedtobe asetD?(; ) thatconsists of the
contragredients P b9 of (; 9 with 2 gen(H, -), °2 S,
and

(25%)=(: 9
for somez 2 Z , and other compatibility under the local GGP
conjecture.



Descent of Enhancedparameters
The "-th descent of (; ) is de ned to be
D-(5 )= [22zD*(; )
The 1st occurrence index for (; ) is de ned to be
o=lo(; )=maxf0O<" njD-(; )6 ,9:

Theorem [JLZ22] (Discreteness of First Descent): For any
enhanced local-parameter ; ) of G,, the descent at o,
D-,("; ) consists only of discrete enhanced lo¢aparameters.

This discreteness makes it possible to take consecutive descents of
any given enhanced localparameters (¢ ) of G, with
' 2 gen(Gn) and 2 S‘ .

Theorem [CJLZ2023]: If = (; ),theno( )= "o(; ).



Arithmetic Wavefront Set of'{ )

The consecutive descentsof (; ) is given by the following
diagram:

Gy UL b))
(151 V[ ¢upl2Dyp(o 1)
("2; 2) !

To de ne the Arithmetic Wavefront Set of ('; ), we associate
each enhanced locdl-parameter from the consecutive descents of
(; ) apair

Cisdey)
with ’j  1landqg)) a one-dimensionalq(\j)-Hermitian form,
whose de nition is technically involved and is determined uniquely
by the rationality of the relevant data.



Arithmetic Wavefront Set of'{ )

de ne a pre-tableaus: to be a sequence of pairs:
s = ((T1:acy)i C2idey)iiin Criden)):
If ("; d¢)) is such a pair, we de ne

(5dey)) ?s =((5dey) Cusaey); Caidey)siin Crideny))

If S = fsgis a set of pre-tableaux, then de ne
(vdey) ?S;=1(ary) ?s @
If 1 =0and dcy) is the zero form, we de ne

Cudey) ?2fCiaey)g:= (i aey)g



Arithmetic Wavefront Set of'{ )

Pre-Tableaux of ('; ): Forany (; ), with ' generic and

2 S ,andfora2 Z, the set of pre-tableaux associated with
(; ), which is denoted byT,('; ; ), is de ned inductively via
the consecutive descents of ( ) by

Ta(b 3 @)= [oc nlzz (b boy2pz( )(I;Q(I)) ?Ta(t;) bOaQ%

with compatibility of the rationality conditions involved in the
Local Langlands conjecture, the local GGP conjecture and the
local descents.

Herel = 2" + 1 if the local descent on the representation side is of
Bessel type, and = 2" if the local descent on the representation
side is of Fourier-Jacobi type.

L-Descent Pre-Tableaux of (; ): La(';; Q) is the subset of
Ta('; ; Q) consisting of pre-tableaux whose associated partitions
are in decreasing order.



Arithmetic Wavefront Set of'{ )
Proposition [JLZ2022]: For any (; ), La(; ; Q) is not empty.

By using composition of admissible sesquilinear Young tableaux for
n-dimentional sesquilinear vector spacés;(), we obtain a
construction

La(h s a) Y a(5 5 a); s 70 (P f(Vip): Aepy))9):

Fors 2La(;; @), we write the partition ofn as

with py > p2 > > pt, and
(Vip)s Geppy) = (F™; 0oa)

satisfying the admissibility conditions.



Arithmetic Wavefront Set of'{ )

(V;g): an n-dimensional -Hermitian space, and = Isom(V; Q)

Y(V;Qq): the set of equivalence classes of admissible sesquilinear
Young tableaux for Y ; ),

Proposition [Gomez-Zhu 2014]: One has a canonical bijection
N¢(9) oYy (Via)

with certain technical exceptions whe@ = SOy

Dene WF(; ) N g(g) thatmapstoYa(';; ) Y (V;q).

Theorem [JLZ2022] If = (; )2 g(G),the setWF(; )
is completely determined by.



Arithmetic Wavefront Set

Forany = (5 )2 g(G)with' generic, we de ne the
Arithmetic Wavefront Set of by

WFai( )= WF(; ):
Wavefront Set (WFS) Conjecture/Theorem:
WFari( )max - Wme( )max - WFtI’( )max

forany 2 ¢(G) with generic localL-parameters.

The WFS Conjecture WF 4i( )™ = WFym( )™ can be
veri ed for some special cases: 1) lower rank groups, €, or
2) special types of representations of classical groups.

It can also be veri ed for some families of tempered unipotent
representations of SOun+1, based on the work of Waldspurger
(2018, 2019, 2020).



Arithmetic Wavefront SetF = R

Theorem [Rationality] (JLZ2022): ForF = R and
"2 gen(G,), if 2 - [G,], the following hold.

1. If the component grous is trivial, then WF 5 ( )™&*
consists of all the--rational regular nilpotent orbits in
NEr(9) -

2. If the component grou® is nontrivial, then

WF i ()™ = fO ( )g;

with O( ):= O4(; )if = 4(; )forsome 2 S,
whereO4("; ) is the uniqueF-rational nilpotent orbit that is
de ned via the consecutive descents of ( ).

3. EveryO 2 WF4i( )™ \N g(g) is F-distinguished in the
sense that it does not meet anfy-rational proper Levi
subalgebras of,.



Arithmetic Wavefront Set

Theorem (JLZ2022): If F=R,forany = (5 )2 g(Gn)
with ' generic, the setWF 4i( )™ determines a uniqué&-stable
nilpotent orbit OSt( ) in Ng(g)St.

WhenF is p-adic, this theorem holds for many representations,
including all unipotent representations. However, C.-C. Tsai

(2022) found an counter-expample of supercuspidal representations
of U7 with p = 3 for WFym( )™,

If F is p-adic, we are in progress to understaidrF i ( )™*.
It is interesting to get more applications of the wavefront sets, in
particular, to understand theNavefront Set Conjecture in the

framework of theRelative Langlands Duality of BZSV .

Over nite elds, the Wavefront Set Conjecture can be veri ed
for all classical groups (Z. Wang).



Remarks on Arithmetic Wavefront Set

Local Artin Reciprocity Law

#
Local Langlands Correspondence
#
Local Gan Gross Prasad Conjecture
#

Wavefront Set Conjecture

Problem (Classical Group): How to extend the theory from
generic local Arthur packets to general local Arthur packets and
even to the admissible dual?

Problem (Exceptional Group): How to extend the theory of
Local Descent, Local GGP, and Arithmetic Wavefront Sets to
exceptional groups?

(Thanks!)
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