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@ Let G be a connected real reductive Lie group. A long-standing problem in
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irreducible unitary representations of G (the unitary dual).
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Let G be a connected real reductive Lie group. A long-standing problem in
the representation theory of Lie group is to classify G, the set of all
irreducible unitary representations of G (the unitary dual).

Let K be a maximal compact subgroup of G, and g = Lie(G) ®g C is the
complexification of the Lie algebra of G. By the work of Harish-Chandra, the
classification of G can be reduced to the (algebraic) problem of classifying all
unitarizable, irreducible (g, K)-modules.

It is a widely believed that the 'building blocks’ of G is a finite set of
representations called unipotent representations. Namely, it is conjectured
that all irreducible unitary representations can be obtained by (real or
cohomologically) inducing a unipotent representation tensored with a unitary
character plus some continuous deformations (complementary series).

For real classical groups, all special unipotent representations have been
constructed by [Barbasch, Ma, Sun, Zhu] using #-correspondence.

As for complex groups (treated as real groups), [Losev, Mason-Brown,
Matvieievski] and [Davis, Mason-Brown] constructed and studied the
unitarity of unipotent representations using geometric methods.

In this talk, we will specially focus on the unitary dual of G = U(p, q).
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Let G = U(p, g) with K = U(p) x U(q). We give a combinatorial description on
all irreducible representations V), of K (K-types).
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the Langlands classification of (g, K)-modules.

Definition
Let G = U(p, q) with p+ g =€ (mod 2) (e =0 or 1). A \,-block of size (r,s)

with content ~ (or simply a y-block), where 0 < r < p, 0 <s < q are
non-negative integers satisfying |r —s| < 1, and vy € %Z is of one of the following:

e Rectangle of size (r, r): E ; , where v + 5 € Z.
e Parallelogram of size (r, r) ) ’ : , where v + <L € Z.
W VAN
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A,-datum and K-types

Definition

A A;-datum for G is a collection of 7;-blocks of sizes (r;, s;) such that > r; = p,
> s; = q and all ; are distinct.
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Definition

A A;-datum for G is a collection of 7;-blocks of sizes (r;, s;) such that > r; = p,
> s; = q and all ; are distinct. =L =1

IRANAEEAN

@ There is a 1:1 correspondence between {V,, € R} «— { all \,-data }.

For instance, a A,-datum for G = U(7,4) is given by:

@ We use the above \,-datum in U(7,4) to obtain its corresponding V,, € K
(herep= (a1 >ay>--->a7 | by > by > > by)):

(1) The shapes of A,-blocks determine a quasi-split parabolic qo = lo + uo, with
lo =u(1,0) + u(1,0) +u(2,1) + u(1,0) + u(2,2) + u(0, 1).

(RANAEERIY

(2) Subtract the entries of the datum by p(u) =

(3) Add 2p(unp) = wvﬁﬁ B"

o Then = (2,2,2,2,2,2,2 | 0,—3,—3,—4).
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Definition

Let G = U(p, qg). A combinatorial #-stable datum is given by the following:
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@-stable datum

Definition
Let G = U(p, qg). A combinatorial #-stable datum is given by the following:
(i) A A;-datum obtained by a V), € K under the correspondence; and

(ii) For each ~;-block of size (r;,s;) in (i), an element v; € R2™n{risi} of the form
vi= Vi1 >Vipg> > —Viy > —Vi1).

v

Example

Let G = U(7,4) with V(2222222 | 0,—3,—3,—4) as above. A f-stable datum is
given by:

4,3 —3,-4
1 —1 \
RTAWAEE

2 2
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f-stable datum and Langlands classification

@ All standard modules can be obtained from cohomologically inducing a
principal series representation in a quasi-split f-stable parabolic subalgebra qg
of go. The A,-blocks specifies qo explicitly.
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@ All standard modules can be obtained from cohomologically inducing a
principal series representation in a quasi-split f-stable parabolic subalgebra qg
of go. The A,-blocks specifies qo explicitly.

o Alternatively, one can also read off the the Langlands parameter
(MAN, o € M limit of discrete series, v € az)

of the standard module (with real infinitesimal characters) from the #-stable
datum. So we have the correspondences

‘comb. f-stable datum <« Langlands parameter < irrep I of U(p, q)‘

@ The LKTs of I1 can be read off by looking at the \,-datum corresponding to
I1, and the bijection between \,-datum and K-types described earlier
(modulo a tiny bit of R-group technicalities).

@ Moreover, its infinitesimal character A = (A;(d), v) can also be read off easily.

@ The shapes of the A,-blocks determines whether some certain K-types are
bottom-layer for #-stable parabolic subalgebras qj D qo. This is very useful
in determining non-unitarity of these modules.
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A trivial example

Example

Let G = U(6,2). The datum corresponding to the trivial (g, K)-module triv is:
75 -5 -7
20 202
3

fileik)
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Example

Let G = U(6,2). The datum corresponding to the trivial (g, K)-module triv is:
75 -5 -7
202 202

KR @ ElE

@ More precisely, the datum corresponds to the standard module
Ind§n(J(0;7) @ J(0;5)®o®1)  (MA= GL(1,C) x GL(1,C) x U(4,0))

v
T mid = = Saneue
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A trivial example

Example

Let G = U(6,2). The datum corresponding to the trivial (g, K)-module triv is:
3
3 —1 -

56 @ 6

@ More precisely, the datum corresponds to the standard module

Ind§n(J(0;7) @ J(0;5)®o®1)  (MA= GL(1,C) x GL(1,C) x U(4,0))

where J(0,v) = || - ||” is a character of GL(1,C), and o = triv is the trivial
representation of U(4,0).

@ The above A,-datum corresponds to u = (0,0,0,0,0,0|0,0) using the earlier

algorithm. So it has trivial lowest K-type.
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KR @ ElE

@ More precisely, the datum corresponds to the standard module
Ind§ay(J(0;7) ® J(0;5) @ ®1)  (MA= GL(1,C) x GL(1,C) x U(4,0))
where J(0,v) = || - ||” is a character of GL(1,C), and o = triv is the trivial
representation of U(4,0).

@ The above A,-datum corresponds to u = (0,0,0,0,0,0|0,0) using the earlier
algorithm. So it has trivial lowest K-type.

@ The infinitesimal character of the standard module corresponding to the
above datum is (2,1,0,0, 5%, 52|0,0) + (0,0, %,3,0,0/52, 1),
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Example

Let G = U(6,2). The datum corresponding to the trivial (g, K)-module triv is:
75 -5 -7
202 202

KR @ ElE

@ More precisely, the datum corresponds to the standard module

Ind§n(J(0;7) @ J(0;5)®o®1)  (MA= GL(1,C) x GL(1,C) x U(4,0))

where J(0,v) = || - ||” is a character of GL(1,C), and o = triv is the trivial
representation of U(4,0).

@ The above A,-datum corresponds to u = (0,0,0,0,0,0|0,0) using the earlier

algorithm. So it has trivial lowest K-type.

@ The infinitesimal character of the standard module corresponding to the

above datum is (2,1,0,0, 5%, 2[0,0) + (0, 0,;72 0 0| =2, =), which can
be Weyl conjugated to p = (£,3,3,1, -3, -3 -2 -1

NH—A

ro2 2 2

v
et

™ = = — -

Daniel Wong unitary dual of U(p, q)

7/13



A trivial example

Example

Let G = U(6,2). The datum corresponding to the trivial (g, K)-module triv is:
3
3 —1 -

56 @ 6

@ More precisely, the datum corresponds to the standard module
Ind§ay(J(0;7) ® J(0;5) @ ®1)  (MA= GL(1,C) x GL(1,C) x U(4,0))
where J(0,v) = || - ||” is a character of GL(1,C), and o = triv is the trivial
representation of U(4,0).

@ The above A,-datum corresponds to u = (0,0,0,0,0,0|0,0) using the earlier
algorithm. So it has trivial lowest K-type.

@ The infinitesimal character of the standard module corresponding to the

above datum is (3,1,0,0, 3t ’§3|0 0) + (O 0,;,% 0 0| =2, =), which can
be Weyl conjugated top—(2,2,2,;, 575 "5 — 2 .

@ So it has the same infinitesimal character as triv.

— = = — Ty
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o Let I be an irreducible, Hermitian (g, K)-module with real infl char
A= (), v).
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o Let I be an irreducible, Hermitian (g, K)-module with real infl char
A = (\,,v). Under some conditions on I, [Salamanca-Riba, Vogan] and
[Vogan] conjectured some necessary conditions on A so that [ is unitarizable.

@ In [W 2024], these conjectures are proved to be true for G = U(p, q).

@ A main tool in the proof of both conjectures is to understand the basic cases
(called fundamental cases in [W]), whose \,-datum satisfies

‘ {Xa, V) <1 for all simple roots «. ‘
Example

Let G = U(7,4). The following \,-datum is partitioned into two basic data:

Wvﬁi L

basic datum 1 baS|c datum 2

f
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@ Any 6#-stable datum corresponding to I will be divided into basic data
accordingly.
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Reduction to basic cases

o Let I be an irreducible, Hermitian (g, K)-module with real infl char
A = (\,,v). Under some conditions on I, [Salamanca-Riba, Vogan] and
[Vogan] conjectured some necessary conditions on A so that [ is unitarizable.

@ In [W 2024], these conjectures are proved to be true for G = U(p, q).

@ A main tool in the proof of both conjectures is to understand the basic cases
(called fundamental cases in [W]), whose \,-datum satisfies

‘ {Xa, V) <1 for all simple roots «. ‘
Example

Let G = U(7,4). The following \,-datum is partitioned into two basic data:

Wvﬁi L

basic datum 1 baS|c datum 2

f

@ Any 6#-stable datum corresponding to I will be divided into basic data
accordingly.
e Hope: Conjecture XXX (about G) holds if and only if Conjecture XXX holds
on the basic cases.
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The unitary dual U(n,2)

@ As an example, we followed along the reduction philosophy to obtain the
following:

Theorem (W-Zhang 2024)
The full unitary dual of U(n,?2) is known. J
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@ As an example, we followed along the reduction philosophy to obtain the
following:

Theorem (W-Zhang 2024)
The full unitary dual of U(n,?2) is known. J

@ More explicitly, we determine the unitary dual of 1 when its A,-datum is
basic.

@ We call such I (and the #-stable datum corresponding to M) the basic
unitary dual of G.

o Note: A large part of the basic unitary dual was classified in [Knapp-Speh
1982]. One main work of [W-Zhang] is to describe the leftovers.

@ On the next slide, we will see an example of the spherical (which is part of
the basic) unitary dual of G = U(9,2) .

@ In the general case, we divide the #-stable datum of [T into basic data. Then
I is unitary if and only all basic data of 1 are in the basic unitary dual.
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As an example, we followed along the reduction philosophy to obtain the
following:

Theorem (W-Zhang 2024)
The full unitary dual of U(n,?2) is known.

More explicitly, we determine the unitary dual of I'1 when its A\,-datum is
basic.

We call such M (and the 6-stable datum corresponding to M) the basic
unitary dual of G.

Note: A large part of the basic unitary dual was classified in [Knapp-Speh
1982]. One main work of [W-Zhang] is to describe the leftovers.

On the next slide, we will see an example of the spherical (which is part of
the basic) unitary dual of G = U(9,2) .

In the general case, we divide the #-stable datum of 1 into basic data. Then
I is unitary if and only all basic data of 1 are in the basic unitary dual.
Main tool: A good knowledge on the non-unitarity certificates of the basic
cases,
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The unitary dual U(n,2)

As an example, we followed along the reduction philosophy to obtain the
following:

Theorem (W-Zhang 2024)
The full unitary dual of U(n,?2) is known.

More explicitly, we determine the unitary dual of I'1 when its A\,-datum is
basic.

We call such M (and the 6-stable datum corresponding to M) the basic
unitary dual of G.

Note: A large part of the basic unitary dual was classified in [Knapp-Speh
1982]. One main work of [W-Zhang] is to describe the leftovers.

On the next slide, we will see an example of the spherical (which is part of
the basic) unitary dual of G = U(9,2) .

In the general case, we divide the #-stable datum of 1 into basic data. Then
I is unitary if and only all basic data of 1 are in the basic unitary dual.
Main tool: A good knowledge on the non-unitarity certificates of the basic
cases, and bottom layer K-type arguments.

Daniel Wong unitary dual of U(p, q) 9/13



|
Example - spherical unitary dual of U(9,2)

—X,—Yy

@ Consider the basic 0-stable datum ﬁ m
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—x, —
@ Consider the basic 0-stable datum ﬁ mv}

@ lts \;-datum corresponds to the trivial K-type, so it corresponds to the
Langlands parameter of a spherical module.
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Consider the basic #-stable datum ﬁ mv}

@ lts \;-datum corresponds to the trivial K-type, so it corresponds to the
Langlands parameter of a spherical module.
The spherical unitary dual are given by the following values of (x, y):

@ For the other values of (x,y), the irreducible module will have opposite
signature on the lowest (i.e. trivial) K-type V(o....,000,0) @and another K-type
V., with 7y equal to one of the following:
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Example - spherical unitary dual of U(9,2)

—x, —
Consider the basic #-stable datum ﬁ mv}

@ lts \;-datum corresponds to the trivial K-type, so it corresponds to the
Langlands parameter of a spherical module.
The spherical unitary dual are given by the following values of (x, y):

@ For the other values of (x,y), the irreducible module will have opposite
signature on the lowest (i.e. trivial) K-type V(o....,000,0) @and another K-type
V., with 7y equal to one of the following:
{(1,0,...,0/|0,-1), (0,...,0,-1/1,0),
(1,0,...,0,-1|0,0), (0,...,0]a,—a), 0:< a <4}
sy il & (e, ) 10/13
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What's next?

e For U(p, q) with g > 2, it is hoped that one can also apply this ‘reduction to
basic cases’ philosophy.
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are weakly fair Aq(\)-modules.

@ A slightly more refined conjecture is as follows:
Conjecture (Barbasch)

All irreducible modules T of U(p, q) with integral infinitesimal character N\ are
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@ Here a K-type V,, of |k is at level v if it occurs in the decomposition of
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What's next?

e For U(p, q) with g > 2, it is hoped that one can also apply this ‘reduction to
basic cases’ philosophy. For example, we would like to study the unitary dual
of U(p, g) with integral infinitesimal character A (here integral means the
coordinates of A is in Z if p+ g is odd, and Z + % if p + g is even).

Conjecture (Trapa, Vogan)

All irreducible, unitary modules of U(p, q) with integral infinitesimal character A
are weakly fair Aq(\)-modules.

@ A slightly more refined conjecture is as follows:
Conjecture (Barbasch)

All irreducible modules T of U(p, q) with integral infinitesimal character N\ are
either weakly fair Aq(\)-modules, or it is not unitary up to level p or €.

@ Here a K-type V,, of |k is at level v if it occurs in the decomposition of
(LKT of M) ® v

e For U(p,2), this is checked by [W-Zhang] by checking case-by-case the basic
unitary dual with integral A.
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Spherical Unitary dual of U(p, q) with integral infl char

@ For spherical modules (which is one of the basic cases), one has:
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Spherical Unitary dual of U(p, q) with integral infl char

@ For spherical modules (which is one of the basic cases), one has:
Theorem (Barbasch 2004)

-V

v
0 0
Let W . @ W 00 Wl W? . U be the 0-stable datum corresponding to the

spherical module 1 in G = U(qg+ 1+ 2r,q).
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@ For spherical modules (which is one of the basic cases), one has:
Theorem (Barbasch 2004)

-V

v
0 0
Let W . @ W 00 Wl W? . U be the 0-stable datum corresponding to the

spherical module N in G = U(q + 1+ 2r, q). Write the coordinates of (v, —v) by

n, times ny times ng times ny times n, times
A /—/\_\/_/\_\
(3,...,a;---;1,...,1,0,...,0;,-1,...,—-1;--- ; —a,...,—a)
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n, times niy times  ng times ny times
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(3,...,a;---;1,...,1,0,...,0;,-1,...,—-1;--- ; —a,...,—a)

n, times
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@ For spherical modules (which is one of the basic cases), one has:
Theorem (Barbasch 2004)

-V
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Let W . @ W 00 Ul WQ . U be the 0-stable datum corresponding to the

spherical module N in G = U(q + 1+ 2r, q). Write the coordinates of (v, —v) by
n, times niy times  ng times ny times n, times
—_— —
(3,...,a;---;1,...,1,0,...,0;,-1,...,—-1;--- ; —a,...,—a)

Then T is unitary if and only if the n;’s satisfy the following:
Q Fori>r+1,0ori<r+1andn;iseven, ni <nj_1.
Q Fori<r+1landn;isodd, ni—1<n;_;.

In such a case, there exists an algorithm computing which Aq(\) it belongs to (in
the mediocre range).
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@ For spherical modules (which is one of the basic cases), one has:
Theorem (Barbasch 2004)
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Let W . @ W 00 Ul WQ . U be the 0-stable datum corresponding to the

spherical module N in G = U(q + 1+ 2r, q). Write the coordinates of (v, —v) by
n, times niy times  ng times ny times n, times
—_— —
(3,...,a;---;1,...,1,0,...,0;,-1,...,—-1;--- ; —a,...,—a)

Then T is unitary if and only if the n;’s satisfy the following:
Q Fori>r+1,0ori<r+1andn;iseven, ni <nj_1.
Q Fori<r+1landn;isodd, ni—1<n;_;.

In such a case, there exists an algorithm computing which Aq(\) it belongs to (in
the mediocre range). Otherwise, 1N has indefinite signature on level p or .
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@ For spherical modules (which is one of the basic cases), one has:
Theorem (Barbasch 2004)

-V

v
0 0
Let W . @ W 00 Ul WQ . U be the 0-stable datum corresponding to the

spherical module N in G = U(q + 1+ 2r, q). Write the coordinates of (v, —v) by
n, times niy times  ng times ny times n, times
—_— —
(3,...,a;---;1,...,1,0,...,0;,-1,...,—-1;--- ; —a,...,—a)

Then T is unitary if and only if the n;’s satisfy the following:
Q Fori>r+1,0ori<r+1andn;iseven, ni <nj_1.
Q Fori<r+1landn;isodd, ni—1<n;_;.

In such a case, there exists an algorithm computing which Aq(\) it belongs to (in
the mediocre range). Otherwise, 1N has indefinite signature on level p or .

@ We wish to extend the techniques used by Barbasch to all basic cases.
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Happy Birthday Professor Zhu!
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