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1. Introduction

Let k be a local non-Archimedean field, R its ring of integers, and G a reductive
linear algebraic group defined over k. Then in [1], DeBacker parametrizes the set of
k-rational nilpotent adjoint orbits in G using the Bruhat-Tits building of G under
some hypothesis on the residual characteristic of k.

On the other hand, using the Dynkin-Konstant classification one can also pa-
rametrize the algebraic nilpotent orbits of a classical algebraic group G explicitly
in terms of partitions. With some work, one can extend this to get a partition-type
parametrization of k-rational nilpotent orbits of G. In [2], Nevins constructed an ex-
plicit correspondence between DeBacker’s parametrization with the partition-type
parametrization for the groups G = SLn(k) and G = Sp2n(k). For the partition-
type parametrization, important properties of the nilpotent orbits can be read off
easily and Nevins’ aim was to see if such properties can be similarly read off from
DeBacker’s parametrization.

The purpose of this paper is to construct a similar correspondence for the group
G = O2n(k) where the quadratic form used is split. A key part of the proof of the
correspondence relies on upper bounding the dimension of a certain convex subset
B0(Y,H,X) of the Bruhat-Tits building of G. A formula for the exact dimension
is proven in Nevins for G = Sp2n(k) and a similar one for G = O2n(k) is achieved
in this paper. Motivated by these formulas, we give an alternative proof of it by
identifying B0(Y,H,X) with the embedding of a building of another group. A
consequence of our proof is that the SL2(R)-fixed points of our building can be
identified with the building of the SL2(R)-fixed points of the group. Such results
have been proven by Prasad and Yu in [3] where the group involved is finite, and
by DeBacker in [1] where the group is a one-parameter subgroup.

In Section 2, we establish some preliminaries and notations, mostly following
those in [2]. In Section 3, we introduce some combinatorial results on the linear
dependence of vectors of the form ei ± ej , where {e1, . . . , en} is a linearly indepen-
dent set. These results will be crucial in proving that our generalized r-facets are of
maximal dimension. In Section 4, a counterexample to a claim in the proof of the
correspondence for G = Sp2n [2] is constructed and a fix is given. In Section 5, we
follow Sections 5.1, 5.2 and 5.3 of [2] by giving a partition-type parametrization and
then constructing explicit representatives for each orbit for G = O2n. In Section 6,
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we give and prove the correspondence. In section 7, we give an alternative proof
of the dimension formula, which leads to a proof of our correspondence, and as a
consequence show that B0(Y,H,X) = B(GSL2(R)) = B(G)SL2(R).

2. Notations and Preliminaries

We mostly adopt Nevins’ notations in [2]. Let k be a non-Archimedean local field
of characteristic p with finite residue field f of characteristic pf > 0. Let w denote
an uniformizer of k and normalize the valuation on k to have val(w) = 1. Let R
be the ring of integers of k and p the unique maximal ideal of R. Throughout,
we assume that pf > 2h + 1, where h is the Coxeter number of G. This condition
is enough to ensure that both the partition-type and DeBacker’s parametrizations
hold.

We will be considering the classical linear algebraic groups G = Sp2n and
G = O2n defined over the field k. Here, the quadratic form that O2n preserves is the

split quadratic form of dimension 2n. If we let J1 =

(
0 I
−I 0

)
and J2 =

(
0 I
I 0

)
,

where I is the n × n identity matrix, then we can view Sp2n(k) and O2n(k) as
subgroups of GL2n(k) satisfying gTJig = Ji respectively.

A partition λ of a positive integer n is a sequence (λ1, . . . , λt) of positive integers

in weakly decreasing order such that
∑t
i=1 λi = n. Let Wj be the simple module

for SL2 of dimension j ≥ 2. Then if {e, h, f} is the standard basis for sl2(k), a basis
for Wj is given by {ej−1w, . . . , w} where w is a lowest weight vector. If j = 2j′ + 1

is odd, we symmetrize it by using the basis {ej′w, . . . , w, e−1w, . . . , e−j
′
w} where

w is a zero weight vector.

Let g denote the k-rational points of the Lie algebra of G and let X be a non-
zero nilpotent element of g. Then a Lie triple corresponding to X is a triplet
φ = (Y,H,X) satisfying [X,Y ] = H, [H,Y ] = −2Y, [H,X] = 2X. Clearly this de-
fines for us a sl2 action on g with the action of (e, h, f) corresponding to (Y,H,X).
Finding a Lie triple corresponding to X may not always be possible, but when
p = 0, one can use the variant of Jacobson-Morozov Theorem in [4] to do so and
when p ≥ h where h is the Coxeter number of G, we can use Theorem 48 of [5].

Now let V be the natural vector space that G acts on. Then via our Lie triple
(Y,H,X), V is a completely reducible sl2(k)-module. Letting V (j) denote the sum
of all j-dimensional irreducible sub-modules, there is an isomorphism

φj : L(j)⊗Wj → V (j)

v ⊗ eiw 7→ Xiv

for j even where L(j) denotes the subspace of lowest weight vectors of V (j), and

φj : Z(j)⊗Wj → V (j)

v ⊗ eiw 7→ Xiv
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for j odd where Z(j) denotes the subspace of zero weight vectors of V (j). This
gives us

V =
⊕
j∈N

V (j) '

⊕
j even

L(j)⊗Wj

⊕
⊕
j odd

Z(j)⊗Wj


which then gives rise to a partition λ of dim(V ). If k were algebraically closed, it
is then well known that such partitions corresponds to nilpotent orbits bijectively.
In fact, we have the following theorem for G = O2n which can be found in [6]:

Theorem 2.1. Let G = O2n. Then the set of algebraic nilpotent adjoint orbits
is in bijection with the set of partitions of 2n where all even parts occur with even
multiplicity.

2.1. Moy-Prasad Filtrations.

Let B(G) = B(G, k) denote the enlarged Bruhat-Tits building of the connected
component of G over the field k. Fix an apartment A of B(G). In [8], Moy and
Prasad has attached to each point x ∈ A and r ∈ R a R-subalgebra of g, denote
by gx,r where one has a filtration gx,r1 ⊃ gx,r2 ⊃ · · · for some reals r1 < r2 < · · · .
These R-subalgebras gx,r are essential to DeBacker’s parametrization. Section 2.2
of [2] contain a concise list of properties and notations regarding gx,r that we will
use. We mainly need to know that gx,r has a nice decomposition, which is given by

gx,r = tr ⊕
∑

ψ∈Ψ,ψ(x)≥r

gψ

where Ψ denotes the set of affine roots on our apartment A, and tr, gψ are as defined
in section 2.2 of [2].

We give an explicit description of the root spaces for G. For G = Sp2n, we
use the same apartment as in [2] and the root spaces are given in section 2.2. For
G = O2n, we use the apartment A corresponding to the diagonal torus T. Then the
elements of T(k) are given by diag(t1, . . . , tn, t

−1
1 , . . . , t−1

n ). Then our set of roots Φ
is given by

Φ = {ei − ej , ±(ei + ej) | 1 ≤ i 6= j ≤ n}

where ei is the character defined by ei(diag(tx1 , . . . , txn , t−x1 , . . . , t−xn)⊗ s) = sxi.
The one-dimensional root spaces are then given by

gei−ej =

{(
A 0
0 −AT

)
| A ∈Mn×n(k), Akl = 0 unless (k, l) = (i, j)

}
,

gei+ej =

{(
0 A
0 0

)
| A ∈Mn×n(k), A = −AT , Akl = 0 unless (k, l) = (i, j)

}
,

g−ei−ej =

{(
0 0
A 0

)
| A ∈Mn×n(k), A = −AT , Akl = 0 unless (k, l) = (i, j)

}
.
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2.2. Lattice Functions and the Bruhat-Tits Building of Classical Groups

It is known that for classical groups, one can identify the Bruhat-Tits building
with the set of self-dual lattice functions. We detail the correspondence for the
case of Sympletic and Orthogonal groups. We refer to [9] and [10] for some basic
facts on this. Let V be a vector space over k of dimension n with either a form 〈, 〉
which is either sympletic or symmetric corresponding to some quadratic form Qj .
Correspondingly let G = Spn(k) or OQj (k), the orthogonal group preserving Qj .
We define a R-lattice L of V to be a R-submodule of V with full rank.

Definition 2.2. A lattice function on V is a map from the reals to R-lattices on
V , given by r 7→ Lr such that

(1) Ls ⊂ Lr if s > r;
(2) Ls+val(w) = Ls+1 = Lsp;
(3) Ls =

⋂
t<s Lt.

The last condition can also be interpreted as our lattice function being left con-
tinuous. For convenience, we will usually Vt represent a lattice function on the
vector space V , where t represents an indeterminate. The function will then be
given by r 7→ Vr for r ∈ R. Since there is a natural action of G on lattices of V ,
this gives us an action of G on the set of lattice functions by (g · V)r = g · Vr. Let
Vr+ =

⋃
s>r Vs.

Definition 2.3. Let L be a lattice on V . The dual of L is defined to be the
lattice L∗ = {x ∈ V | 〈x, L〉 ⊂ p}. A lattice function Vt is said to be self-dual if
Vr = (V−r+)∗ for all r ∈ R.

Let LattV (〈, 〉) denote the set of self-dual lattice functions on V with respect to
〈, 〉.

Theorem 2.4. (Theorem 4.4.1 of [9]) The extended building of G can be canonically
identified with LattV (〈, 〉) by a G-equivariant map.

Let x ∈ B(G) be identified with the lattice function Vt. Then the Moy-Prasad
filtration lattices can be identified by

gx,r = {X ∈ g | XVs ⊂ Vs+r for all s ∈ R.}

We now discuss the affine structure on LattV (〈, 〉).

Definition 2.5. Let V1, . . . , Vj be subspaces of V such that V =
⊕j

i=1 Vi. We say

that the lattice function Vt is split with respect to the Vi’s if Vr =
⊕j

i=1(Vr ∩ Vi)
for all r ∈ R. If {ei}ni=1 is a basis such that Vt is split with respect to {kei}ni=1,
then {ei}ni=1 is called a splitting basis for Vt.

Let x and y in B(G) correspond to the lattice functions V1
t and V2

t . It is known
that any two lattice functions have a common splitting basis, say {ei}ni=1. Then
there exists reals {λi}ni=1, {µi}ni=1 such that

V1
r =

n⊕
i=1

pdr+λieei, V2
r =

n⊕
i=1

pdr+µieei
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for all r ∈ R. Then for 0 ≤ s ≤ 1, the point sx+ (1− s)y corresponds to the lattice
function Vt defined by

Vr =

n⊕
i=1

pdr+sλi+(1−s)µieei

for all r ∈ R.

2.3. DeBacker’s Parametrization of Nilpotent Orbits.

In [1], DeBacker gave a parametrization of rational nilpotent orbits of g using
generalized r-facets and elements of Vx,r = gx,r/gx,r+ under certain hypotheses
given in Section 4 of [1]. These hypotheses hold if G is a classical group and
pf ≥ 2h+ 1. Section 2.3 of [2] is an excellent summary of DeBacker’s paper which
we shall refer readers to for details. We state the two main relevant results of [1] for
reference. Let Inr and Idr be as defined as in section 2.3 of [2]. They can be found
in Definitions 5.3.1 and 5.5.1 of [1]. Both of them have an equivalence relation on
them, ∼, as defined in Definition 3.6.2 of [1].

Theorem 2.6 ([1], Corollary 5.2.4). Let (F , v) ∈ Inr , v 6= 0. Extend v to a Lie
triple

(w, h, v) ∈ Vx,−r × Vx,0 × Vx,r.
Let

(Y,H,X) ∈ gx,−r × gx,0 × gx,r

be any lift of (w, h, v) to a Lie triple over k. Then we define O(F, v) to be the
Ad(G)-orbit of X. This is the unique nilpotent orbit of minimal dimension whose
intersection with the coset v = X + gx,r+ is non-trivial.

Theorem 2.7 ([1], Lemma 5.3.3). Let Nil(k) be the set of rational nilpotent orbits
in g. Then the map

γd : Idr / ∼→ Nil(k)

(F , v) 7→ O(F , v)

is well-defined and bijective.

3. Linear dependence of vectors of the form ei ± ej
Let e1, e2, . . . , en be linearly independent vectors in some vector space V over a

field F. Let S be a set consisting of vectors of the form ei ± ej . We are interested
in bounding or finding the exact value of dim spanS. Such results will be necessary
later on to show that our generalized r-facets are indeed of maximal dimension.

3.1. Cycle Space of Graphs

Here, we introduce the material covered in chapter 2 of [11]. A directed graph
D = G = (V,A) is a pair where V is a finite set and A is a family of ordered pairs
of elements in V . The elements of V are called vertices of G and the elements of
A are called directed edges. Given a directed edge e = (v, w), the vertices v and
w are called the tail and head of the edge e respectively. We say that e leaves v
and enters w. Given a vertex v, we let δ+(v) denote the edges leaving v and δ−(v)
denote the edges entering v.
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Given a directed graph D and a field F, a F-cycle in D is a vector in FA such
that for any vertex v, we have ∑

e∈δ+(v)

Ce =
∑

e∈δ−(v)

Ce

where Ce denotes the component of C indexed by e. We may write C(e) instead
of Ce. Now, the set of all F-cycles form a vector space over F by component wise
addition and multiplication. We call this the F-cycle space.

Since this is a vector space, a natural question to ask would be the cardinality
of the basis. This is given by Theorem 2.3 of [11].

Theorem 3.1. The dimension of the F-cycle space of a graph G is given by

ν = m− n+ CC

where m is the number of edges in G, n the number of vertices and CC denotes the
number of connected components of G.

3.2. The case for vectors of the form ei − ej

We will now handle the case where all our vectors in S are of the form ei − ej .
Consider a directed graph G with vertices e1, e2, . . . , en. For each ei − ej that ap-
pears in S, draw a directed edge from ei to ej . We may assume that at most one of
ei − ej and ej − ei appears so that our graph is a simple graph (at most one edge
between two vertices).

Now, any linear dependence between our vectors can be written as∑
s∈S

cs(es1 − es2) = 0

where s = es1 − es2 and ci are some coefficients in F. Hence we can regard a
linear dependence as a vector in FS with coefficients cs, it follows that the linear
dependencies form a subspace of FS of some dimension k and that the dimension
of spanS is then given by |S| − k.

Since S is in natural bijection with the set of directed edges, A, of our graph
G, we can view these dependencies as a subspace of FA. It is clear that these
dependencies are exactly the F-cycles and so by Theorem 3.1, we have that k =
m− n+ CC = |S| − n+ CC. We then conclude the following theorem:

Theorem 3.2.

dim spanS = n− CC
where CC is the number of connected components in our graph G.

3.3. Magic Graphs

To handle the general case, we will introduce the idea of magic graphs which we
take from [12]. Let G be a finite connected graph without loops (edges connecting
a vertex to itself), V = {v1, . . . , vn} be its vertex set and E = {e1, . . . , em} its edge
set. As usual, we let F be a field. A function r : V → F is called an index vector
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and a function x : E → F is called a labelling. We call this a labelling for the vector
r if one has ∑

e∈Ei

x(e) = r(xi)

for i = 1, 2, . . . , n where Ei is the set of edges with vi as one of its vertices. When
one has r to be a constant function, we call such a graph along with labellings r
and x a magic graph. This name comes from it being a generalization of a magic
square. One case to note is when r is the zero vector, that is r(vi) = 0 for all i. We
call such a labelling a 0-labelling. In this case, it is clear that the set of 0-labellings
form a F-vector space by component wise addition and scalar multiplication.

We can further generalize the situation by letting G be a mixed graph, that is we
allow edges to be both directed and undirected. In this case, when e is a directed
edge, its label is counted as negative in the tail vertex and positive at the head
vertex. That is to say our condition for a labelling becomes∑

e∈Eu
i

x(e) +
∑

e∈δ+(vi)

x(e)−
∑

e∈δ−(vi)

x(e) = r(xi)

where Eui denotes the set of undirected edges with vi as one of its vertices. As
usual, if we let r be the zero vector then the set of such labellings form a F-vector
space. Combining Theorem 4 and Theorem 6 from [12], we get the following result:

Theorem 3.3. Let k be the dimension of the 0-labelling space. Then k is equal to
either m− n or m− n+ 1.

3.4. The general case for vectors of the form ei ± ej

We now treat the general case where we have both ei + ej and ei − ej vectors
in S. Just like the case for ei − ej , we may assume that S contains at most one
of ei − ej and ej − ei. We then consider a mixed graph G with vertices e1, . . . , en
and draw a directed edge from ei to ej if ei − ej is in S and draw an undirected
edge from ei to ej if ei + ej is in S. It is then easy to see that like in the ei − ej
case, any linear dependency among our vectors corresponds to a 0-labelling and
thus assuming that G is connected, by Theorem 3.3, we can find a basis for our
linear dependencies of size at most |S| −n+ 1. We can then conclude the following
bound on dim spanS:

Theorem 3.4. If the graph G is connected, then one has dim spanS ≥ n− 1.

4. On Nevins’ parametrization for Sp2n

In [2], Nevins gave an explicit correspondence between Debacker’s parametriza-
tion of nilpotent orbits and the partition-type parametrization. In section 5.3 on
[2], an explicit representative for the partition-type parametrization is constructed
and in section 5.4, a candidate pair (F , v) is given satisfying O(F , v) = Ad(G)X.
It then suffices to verify that the pair (F , v) is distinguished (belongs to Idr ). We
briefly outline Nevins’ proof of this.

We first start with a pair (F0, v0) such that O(F0, v0) = Ad(G)X. We then
complete v0 to a Lie triple (w0, h0, v0) and lift it to a Lie triple (Y0, H0, X0). Now
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we may assume that

X0 ∈
⊕

ψ: ψ(x)=r

gψ and similarly Y0 ∈
⊕

ψ: ψ(x)=−r

gψ.

By conjugating by a suitable element, we may assume that H0 is dominant with
respect to our chosen ordered sympletic basis for V . Hence by letting V [i] denote

the i-weight space of H0, we see that the map X
(i)
0 defined by the restriction of

X0 to V [i]⊕ V [−i− 2] and zero everywhere else is a well-defined element of our lie

algebra. This holds similarly for the map X
(−1)
0 defined by restricting X0 to V [−1].

We then have a decomposition

X0 =
∑
i≥−1

X
(i)
0

and that each X
(i)
0 is supported on a different set of roots. Hence if we let Φ(X0)

denote the set of roots defining X0 and Y0, we may decompose it as

Φ(X0) = Φ(−1) t Φ(0) t · · · t Φ(2n−2)

such that X
(i)
0 is supported on Φ(i) and we can do the same for Y0.

The following lemma is then implicit in the proof and used to conclude:

Lemma 4.1. Let S = {p1, . . . , pm} be the subset of the sympletic basis correspond-
ing to V [1]. If there are 2k non-isotypic vectors among S, then one has∑

t≥0

dim span Φ(2t+1) ≥ k +
∑
t≥1

dimV [2t+ 1].

To prove this, for each pi ∈ V [2t + 1] we label it as type (a), (b), (c) or (d) as
follows:

(a) X0pi = 0;
(b) X0pi = cjpj for some pj ∈ V [2t+ 3] with cj 6= 0 and Y0pj = dipi for some

di;
(c) X0pi = cjpj for some pj ∈ V [2t + 3] with cj 6= 0 and Y0pj =

∑
cl′pl′ with

cl 6= 0 for some l 6= i;
(d) X0pi =

∑
ckpk with at least two ck 6= 0.

It is then claimed that dim span Φ(2t+1) ≥ dimV [2t+ 3] + c+ d/2. We now look at
the following example.

Example 4.2. Assume that −1 ∈ (k×)2. Consider a 6-dimensional vector space
V equipped with a sympletic form 〈, 〉 and Lie triple (Y,H,X) ⊂ sp6 such that
V breaks down into two isotypic components, one of highest weight 1 and one
of highest weight 3. We can impose the condition that our sympletic form gives
us two lowest weight vectors, v1 ∈ V (2) and v2 ∈ V (4), such that 〈v1, Xv1〉 =
〈Xv2, X

2v2〉 = 1. Letting ε =
√
−1, we may then form a sympletic basis of V by

p1 = X3v2, p2 = X2v2 + εXv1, p3 = X2v2 − εXv1,

q1 = −v2, q2 =
1

2
(Xv2 + εv1), q3 =

1

2
(Xv2 − εv1)
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and thus we have

X =


0 1 1 0 0 0
0 0 0 0 0 1

2
0 0 0 0 1

2 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 −1 0 0

 and Y =


0 0 0 0 0 0
3
2 0 0 0 0 0
3
2 0 0 0 0 0
0 0 0 0 − 3

2 − 3
2

0 4 4 0 0 0
0 4 −4 0 0 0

 .

Taking x in the apartment to satisfy e1(x) = 3
2r, e2(x) = r

2 = e3(x), it follows
that X ∈ gx,r and Y ∈ gx,−r if the residual charactersitic is larger than 4. Now, we
have that Φ(1) is the set of roots required to define X|V [1]⊕V [−3] and Y |V [3]⊕V [−1].
Then it is easy to see that the roots we require are just e1− e2, e1− e3, which gives
us |Φ(1)| = 2.

On the other hand, both p2 and p3 are vectors of type (c), and according to
Nevins’ bound, we should get |Φ(1)| ≥ dimV [3] + 2 = 3, which is clearly not the
case.

The above example shows that the bound dim span Φ(2t+1) ≥ dimV [2t+3]+ c+
d/2 is too strong to hold. Fortunately, it is also stronger than needed for Lemma
4.1 and all one needs is dim span Φ(2t+1) ≥ dimV [2t+3]+c/2+d/2. This inequality
is true but instead of establishing it, we will prove the lemma in a different way.

Proof of Lemma 4.1: We may assume that X0 has only odd weight spaces since
roots that occur for even weight spaces are independent from those with odd weight
spaces. Let Φ′(X0) = tn−1

t=0 Φ(2t+1)and let G be the graph with vertices p1, . . . , pn.
Draw a directed edge from pi to pj if the root ei − ej is in Φ′(X0). Note that we
have an edge from pi to pj iff the (i, j)th entry of X0 is non-zero or the (j, i)th entry
of Y0 is non-zero. Since X sends V [2t+ 1] to V [2t+ 3], we see that our graph can
be viewed as having n layers, where the vertices of V [2t+ 1] form the tth layer and
edges are only between adjacent layers. Then as X0 when restricted to V [2t+ 1] is
surjective onto V [2t + 3], it follows that every connected component consists of a
vertex in V [1].

By Theorem 3.2, we know that dim span Φ′(X0) = n − CC where CC is the
number of connected components. Since n =

∑
t≥0 dimV [2t + 1], the inequality∑

t≥0 dim span Φ(2t+1) ≥ k +
∑
t≥1 dimV [2t + 1] reduces to dimV [1] ≥ k + CC.

To establish this, it suffices to show that for any non-isotypic vector p ∈ V [1], its
connected component contains another vertex from V [1].

As noted in the proof of Theorem 4 in [2], by repeatedly applying X0 onto p, we
eventually arrive at an element pi ∈ V [2t+ 1] that is either of type (c) or type (d).
If it is of type (c), then pi is connected to another vertex pj ∈ V [2t + 1]. It then
follows that pj must be connected to another vertex p′ ∈ V [1], as otherwise the
preimage of Xt

0 on span{pi, pj} is span{p}, which would imply that Xt
0 restricted

to V [1] is not surjective onto V [2t + 1] — a contradiction. The case for type (d)
follows similarly and we are done. �
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5. On Partition-type Parametrization of Rational Nilpotent Orbits
of O2n

In this section, we derive the partition-type parametrization of rational nilpo-
tent orbits for O2n(k) from that of algebraic nilpotent orbits. We later construct
explicit representatives which will be used in the correspondence with DeBacker’s
parametrization.

5.1. Partition-type Parametrization for Rational Nilpotent Orbits

Recall that by Theorem 2.1, the algebraic nilpotent orbits for O2n are given
by partitions of 2n where even parts occur with even multiplicity. We follow the
approach in Proposition 5 of [2] and that of [6] to derive the answer for rational
nilpotent orbits. The statement can also be found in [7]. One can also refer to
section 3.2 of [13].

We first have a brief diversion to the theory of quadratic forms, which one can
find in section 5.2 of [2] or in [14]. A quadratic form Q is called anisotropic if there
is no non-zero x such that Q(x) = 0 and called isotropic otherwise. The hyperbolic
plane is defined to be the quadratic form represented by the matrix

q0 =

(
0 1
1 0

)
.

For any non-degenerate quadratic form Q, we have the following decomposition

Q = qm0 ⊕Qaniso,

where Qaniso is an anisotropic form and qm0 denotes the direct sum of m copies of
q0. Since Qaniso is unique up to isometry, we may refer it to as the anisotropic part
of Q. We can now state our theorem.

Theorem 5.1. Let λ be a partition of 2n and write mj for the multiplicity of j in
λ. Assume that mj is even whenever j is even. Let Oλ(k) be the algebraic orbit
corresponding to λ. Then the O2n(k)-orbits in Oλ(k) are parametrized by n-tuples

Q = (Q1, Q3, . . . , Q2n−1)

where Qj represents an isometry class of a non-degenerate quadratic form over k
of dimension mj such that ⊕

1≤i≤n

Q2i−1 ∼a 0

where Q ∼a Q′ indicates that both Q and Q′ have the same anisotropic part.

Proof. Let X ∈ Oλ(k) and let φ be a corresponding Lie triple. Then under the
action of φ, our vector space V decomposes as

V =
⊕
j∈λ

V (j) =

⊕
j even

L(j)⊗Wj

⊕
⊕
j odd

Z(j)⊗Wj


with the dimension of L(j) and Z(j) being mj . Restricting our symmetric form 〈, 〉
to V (j) induces a non-degenerate form (, )j on L(j) given by

(v, w)j = 〈v,Xj−1w〉
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and on Z(j) given by just (v, w)j = 〈v, w〉. We note that this form is sympletic if
j is even and thus is unique up to isometry and furthermore, exists only if mj is
even. If j is odd, then the form is symmetric and corresponds to some quadratic
form Qj of dimension mj . Now take a basis for V whose vectors are eigenvectors
for H. Then we see that the only basis vectors x satisfying 〈x, x〉 6= 0 are the
zero weight vectors and thus belong to Z(j) for some j. Hence it must be that⊕
Q2i−1 ∼a Q ∼a 0 where Q is the split quadratic from associated to V . The rest

then follows similarly as in [2]. �

5.2. On the condition
⊕
Q2i−1 ∼a 0

In order to construct explicit representatives for each rational nilpotent orbit
given in Theorem 5.1, we will first have to study the condition

⊕
Q2i−1 ∼a 0.

Clearly the condition implies that we can find a change of basis matrix, M , such
that MTQM = qm0 where Q is a matrix representing

⊕
Q2i−1. Our aim is to con-

struct M explicitly.

We first assume that −1 6∈ (k×)2. By Lemma 3 of [2], we know that we can write⊕
Q2i−1 as a diagonal matrix with entries belonging to {1,−1, ω,−ω} where ω is

a uniformizer of k. Now, given a pair (v1, v2) corresponding to entries (1,−1) or
(ω,−ω), we may transform it into q0 using the basis w1 = v1 + v2, w2 = c(v1 − v2),
where c = 1/2 for (1,−1) and 1/2ω for (ω,−ω).

Let a, b, c, d denote the number of entries of 1,−1, ω and −ω respectively. Then
for MTQM = qm0 to hold for some invertible M , by Theorem 3 of [2] we require
that the dimension, determinant (mod (k×)2) and Hasse invariant tally. The di-
mension, determinant and Hasse invariant of qm0 are 2m, (−1)m and 1 respectively.
Using Table 3 of [2], we calculate the dimension, determinant and Hasse invariant

of Q to get a+ b+ c+d, (−1)b+dpc+d and (−1)bc(−1)bd(−1)(
c
2)(−1)(

d
2) respectively.

Since we can use pairs of (1,−1) and (ω,−ω) to form hyperbolic planes, we may
assume that at least one of a, b and one of c, d are zero. Say a = c = 0. Then since
(−1)b+dpc+d ≡ (−1)m (mod (k×)2), it follows that 2 | d and since b+d = 2m, it fol-
lows that b is even too. Hence (−1)b+d = 1 and it follows thatmmust be even. Now,

the Hasse invariant reduces to (−1)(
d
2) which must be = 1 and so 4 | d =⇒ 4 | b.

Other cases lead to similar divisibilities such as b = d = 0 =⇒ 4 | a, c. This means
that we can split entries into pairs of (1,−1), (ω,−ω), and blocks of four of the
same value. It now suffices to construct our change of basis for (v1, v2, v3, v4) where
〈vi, vi〉 = α are all equal.

Let x, y, z ∈ k be non-zero such that x2 + y2 + z2 = 0. Such a triplet exists by
finding one for the residue field and then lifting it up by Hensel’s lemma. Note that
we can further assume that ω - x, y, z. We can then consider the basis

w1 = xv1 + yv2 + zv3, w2 = d(−xv1 + yv2 + zv3)

w3 = −zv2 + yv3 + xv4, w4 = d(−zv2 + yv3 − xv4)

where d = 1/α(y2 + z2 − x2) = −1/(2αx2). Then (w1, w2, w3, w4) will give us two
copies of q0 as desired.
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If −1 ∈ (k×)2, we can do the same approach except it is much easier. Let-
ting ε denote a non-square element in k×, the entries of the diagonal matrix
⊕Q2i−1 all belong to {1, ε, ω, εω}. Now for any pair of vectors (v1, v2) such that
〈v1, v1〉 = 〈v2, v2〉 = α, we can form a hyperbolic plane by using w1 = v1 + εv2 and
w2 = 1

2α (v1 − εv2) where ε2 = −1. Hence we may assume we have at most one of
each value in which case, we easily verify that the only possibility of it having a
zero anisotropic part is to be of dimension zero.

We summarize our findings in the following lemma:

Lemma 5.2. The change of basis matrix M can be taken to be in block-diagonal
form, where each block is either of size 2 or 4. Furthermore, the coefficients of each
block either all have valuation 0 or can be split into pairs of columns corresponding
to hyperbolic pairs where each such pair has a column whose coefficients are of
valuation 0 and one whose coefficients are of valuation −1.

5.3. Explicit Representatives for Rational Nilpotent Orbits

Let V be a vector space over k of dimension 2n equipped with a split quadratic
form 〈, 〉. Let {p1, . . . , pn, q1, . . . , qn} be a hyperbolic basis for it, namely satisfying
〈pi, qj〉 = δij and all other parings are zero.

We follow Nevins’ approach in [2] in constructing our explicit representatives.
The details are nearly exactly the same. We will construct an SL2-module V ′

carrying an invariant symmetric form 〈, 〉′ that breaks up into its prescribed com-
ponents. We can then give an isomorphism T : V ′ → V and from there deduce the
matrix form of the Lie triple (Y,H,X) from the induced sl2 action.

Let λ be a partition of 2n with even numbers occurring with even multiplicity
and let Q = (Q1, . . . , Q2n−1) be an n-tuple of quadratic forms corresponding to a
rational nilpotent orbit. Let mj denote the multiplicity of j in λ. For each even
j satisfying mj 6= 0, we let Lj be an mj-dimensional vector space over k with
a sympletic form 〈, 〉. For each odd j satisfying mj 6= 0, we let Zj be an mj-
dimensional vector space over k with the quadratic form associated to Qj . Since
Wj carries an SL2-invariant form which we normalize to (wj , e

j−1wj) = 1 if j is
even and (wj , wj) = 1 if j is odd, we then get an SL2-invariant symmetric form
〈, 〉′ on Wj ⊗ Lj and Wj ⊗ Zj and thus on

V ′ =

 ⊕
mj 6=0
j even

Wj ⊗ Lj

⊕
⊕
mj 6=0
j odd

Wj ⊗ Zj

 .

Clearly the action of e ∈ sl2 on V ′ gives rise to the rational nilpotent orbit chosen.
Thus it suffices to construct our isomorphism T : V ′ → V .

We first construct T on the subspace Wj⊗Lj where j is even with mj 6= 0. Like
in [2], we will group elements of the same weight together. Let 2m be the dimension
of Wj ⊗Lj and choose m hyperbolic pairs from {p1, . . . , pn, q1, . . . , qn} that are not
chosen yet, say {p1, . . . , pm, q1, . . . , qm}. We let {v1, . . . , v2l} be a sympletic basis
for Lj where {v2i−1, v2i} form a sympletic pair for i ≥ 1. We can then define T on
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it via

T (ej−kwj ⊗ vi) = p(k−1)(2l)+i,

T (ek−1wj ⊗ v2i−1) = (−1)kq(k−1)(2l)+2i,

and T (ek−1wj ⊗ v2i) = (−1)kq(k−1)2l+2i−1

for 1 ≤ k ≤ j/2 and 1 ≤ i ≤ 2l. The main idea is to group elements of our basis
that almost form a hyperbolic pair and then normalize one of them.

If j is odd, then we decompose Zj as direct sum of two subspaces, one repre-
senting the anisotropic part of Qj and the other, Z ′j , having a hyperbolic basis.
We now define T on the subspace Wj ⊗ Z ′j . As in the case of j being even, we let
{u1, . . . , ul, v1, . . . , vl} be an ordered hyperbolic basis and we choose m hyperbolic
pairs not chosen yet, say {p1, . . . , pm, . . . , q1, . . . , qm} where 2m is the dimension of
Wj ⊗ Z ′j . Then for 0 ≤ k ≤ j and 1 ≤ i ≤ l, we define T on Wj ⊗ Z ′j by

T (ekwj⊗ui) = p(i−1)j+(j−1)/2+k and T (e−kwj⊗vi) = (−1)kq(i−1)j+(j−1)/2−k.

The remaining weight zero vectors for Wj ⊗ Zj represent the form Qj and by
Lemma 5.2, we know that we can combine them in blocks of 2 or 4 to form hyperbolic
pairs. Say we have a block B of 4 vectors, w⊗vi from Zji for i = 1, 2, 3, 4 satisfying
(w⊗vi, w⊗vi) = α. Let W ′B be the sl2-module generated by w⊗vi. Then a basis for

W is given by {ekw⊗vi | − ji−1
2 ≤ k ≤ ji−1

2 , 1 ≤ i ≤ 4}. Again, we let the dimension
of W be 2m and choose m unused hyperbolic pairs, say {p1, . . . , pm, q1, . . . , qm}.
Order the basis vectors ekw⊗ vi for k > 0 in decreasing order of k. We then define
T on them inductively by

T (ekw ⊗ vi) = pl and T (e−kw ⊗ vi) =
(−1)k

α
ql

where (pl, ql) is the smallest unused hyperbolic pair in terms of index. Finally for
the weight 0 vectors w ⊗ vi, we map them to {pm−1, pm, qm−1, qm} via the change
of basis detailed in the proof of Lemma 5.2. The case for blocks of 2 vectors can
be done similarly. In summary, we have the following lemma:

Lemma 5.3. The map T : (V ′, 〈, 〉′) → (V, 〈, 〉) is an isometry and the induced
sl2-module structure on V defines for us a Lie triple (Y,H,X) such that the orbit
of X corresponds to (λ,Q).

Let V (j) = T (Wj ⊗ Lj) for even j and let V ′(j) = T (Wj ⊗ Z ′j) for even j. Let
Jm denote the upper triangular Jordan block of size m. Then we have that

X|V ′(j) = J⊕rj − (J⊕rj )T

where 2r is the dimension of Z ′(j). For V (j) where j = 2N is even, we let J
mj

Nmj
=

JN ⊗ Imj
, Z to be the mj(N − 1)×mj(N − 1) zero matrix. Then

X|V (j) =

(
J
mj

Nmj
Z ⊕ (−1)NQ

0 −(J
mj

Nmj
)T

)
where Q is a block diagonal matrix whose blocks are exactly hyperbolic planes q0.
Now let WB = T (W ′B). Then we can write the action of X on it as

X|WB
=

(
J Q
0 (−J)T

)
.
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Let V [i] denote the i-weight space of WB for even i for H. Then V [i] is spanned
by consecutive pairs of our hyperbolic basis and that X sends V [i] to V [i + 2]
for each even i. Let {p1, . . . , pm, q1, . . . , qm} be an ordered hyperbolic basis for
V [0] and let P [0] = span{p1, . . . , pm} along with Q[0] = span{q1, . . . , qm}. The
matrix J then represents X restricted to (⊕i>0V [i]) ⊕ P [0]. As the matrix Q is
skew-symmetric, we only need to look at the upper triangular half, whose non-zero
entries correspond to X|Q[0]. For each even i > 0, the matrix X|V [i] has exactly
V [i + 2] many 1’s, each on a different row and column. For P [0] and Q[0], the
entries are hard to describe explicitly. We only note that the following two cases
occur.

(a) The non-zero entries of X|V [0] all have valuation 0.
(b) The non-zero entries of X|P [0] all have valuation 0 while the non-zero entries

of X|Q[0] all have valuation −1.

We note that for V (j), V ′(j) or WB , the matrix H restricted to them is a diago-
nal matrix with integer entries of magnitude at most j. One can also calculate Y
explicitly. For V (j) and V ′(j), the expression is similar to (5.5) and (5.6) of [2].
We just note that the non-zero entries for Y occur at the transpose of the non-zero
entries of X and all have valuation 0.

For Y |WB
, we have a similar observation. Let πP be the projection map from

V [0] to P [0] and similarly for Q[0]. Write Y |V [2] as YP +YQ where YP = πP (Y |V [2])
and similarly for YQ. Now letting

Y |WB
=

(
J ′ 0
Q′ −(J ′)T

)
,

then J ′ is made up of Y |V [i+2] : V [i + 2] → V [i] for even i > 0 and YP . Again as
Q′ is skew-symmetric, it suffices to look at the lower half, whose non-zero entries
come from YQ. For i > 0, the non-zero entries of Y |V [i+2] correspond to those of
the transpose of X|V [i]. For YP and YQ, their position in Y corresponds to the
transpose of X|P [0] and X|Q[0] but their non-zero entries need not. We note that
the following two cases occur, corresponding to the two cases for X:

(a) The non-zero entries of YP and YQ all have valuation 0.
(b) The non-zero entries of YP have valuation 0 and the non-zero entries of YQ

have valuation 1.

Example 5.4. Let 2n = 6 and λ = 1 + 1 + 1 + 3 be a partition of 2n. Let Q1 be a
3-dimensional quadratic form, Q3 a 1-dimensional quadratic form with both having
an anisotropic part represented by the matrix (w). Assume that −1 ∈ (k×)2 and
−1 = ε2. Then Q1 ⊕Q3 ∼a 0 and thus Q = (Q1, Q3) along with λ defines for us a
rational nilpotent orbit following Lemma 5.1. If we let v1, v2, v3 be basis vectors of
Z(1) where the corresponding matrix representative of Q1 is q0⊕(ω) and w1 a basis
vector of Z(3) where that of Q3 will be (ω), then according to our construction our
hyperbolic basis is given by

p1 = v1, p2 = Xw1, p3 = w1 + εv3

q1 = v2, q2 = X−1w1, q3 =
1

2ω
(w1 − εv3).
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Then if (Y,H,X) is our chosen Lie triple, we have

X =


0 0 0 0 0 0
0 0 1 0 0 1

2ω
0 0 0 0 −1

2ω 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −1 0

 and Y =


0 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 −2ω 0 0 −1
0 2ω 0 0 0 0

 .

We see that we have two invariant subspaces, V ′(1) spanned by {p1, q1}and a WB

spanned by {p2, p3, q2, q3} where case (b) occurs for this WB .

6. Correspondence with DeBacker’s Parametrization

Let Oλ(k) be a rational nilpotent orbit and let X be its chosen representative
as detailed in the previous section. We aim to find out which roots are required in
order to express X in the root space and also calculate the dimension of their span.

By a suitable arrangement of the hyperbolic basis of V , we may assume that
we may partition the hyperbolic pairs into consecutive blocks, where each block
corresponds to a V (j), V ′(j) or WB . Since each such subspace is X-invariant, they
are supported on disjoint sets of roots who are independent of each other. Hence
it suffices to find the dimension required for each block and sum them up.

We may assume that the subset of the basis we are looking at is of the form
{p1, . . . , pm, q1, . . . , qm}. In general the indices just need to be shifted by an appro-
priate integer. Let U be the subspace associated to it. Then it suffices to look at
the upper half of X|U . If U is of the form V ′(j), then we just need to express J⊕rj
in which case we take the root ei − el if the entry (i, l) is non-zero. This gives us
the roots

Sj = {ek − ek+1, k ∈ Ij}
where Ij is the set of non-multiples of j of {1, 2, . . . , rj}. It is clear that these roots
are linearly independent as if we consider the graph with vertices e1, . . . , en and
draw an edge between ei and ej if ei − ej appears, the graph we get has no cycles.
Hence the dimension of the span of roots is exactly r(j − 1).

If U is of the form V (j), then we need to express J
mj

Nmj
and (−1)NQ. For J

mj

Nmj
,

we again take the root ei − el if the entry (i, l) is non-zero. For the quadratic
form Q, since its composed of hyperbolic planes q0, we can use exactly one root to
express one such q0. Letting Mj = ( 1

2j − 1)mj , this gives us the roots

S1
j = {ek − ek+mj , 1 ≤ k ≤Mj} ∪ S2

j = {eMj+2i−1 + eMj+2i, 1 ≤ i ≤ 1

2
mj}.

It is easy to check that these roots are linearly independent and hence the dimen-
sion contributed is 1

2 (j − 1)mj .

Finally if U is of the form WB , then we have to express J and Q. For Q, since
the root spaces in the upper right half occupy symmetric pairs of entries, it suffices
to express the upper half of Q, which is Q[0]. Let d be the dimension of P [0] and
d′ the dimension of V [2], the 2-weight space of WB . Then the first m− d columns
of J have entries in the first m − d − d′ rows, where there are exactly m − d − d′
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1’s, all in distinct rows and columns. Hence we take the root ei − el if the entry
(i, l) contains one of those 1’s. For the remaining d columns, they have entries in
the next d′ rows, represented by P [0]. Since P [0] is complicated, we simply take all
the roots possible and the same for Q[0]. That is to say we add in the roots ei ± el
where i ∈ {m− d+ 1, . . . ,m} and l ∈ {m− d− d′ + 1, . . . ,m− d}. It is easy to see
that in this case, the dimension contributed is exactly m since each of e1, . . . , em
will be in the span.

We note that the total dimension can be expressed as
∑
i>2 dimV [i]+ 1

2V [1]+ 1
2k

where k is the total dimension of the V [0] of the WB ’s, which is equivalent to the
total dimension of the anisotropic part of each quadratic form of Q.

We now construct affine r-hyperplanes such that the triple (Y,H,X) will be in
gx,−r × gx,0 × gx,r for x in their intersection. Given a root α, we let Hα−c denote
the hyperplane satisfying α(x) = c. Let α be a root which we used. If it came from
V ′(j) for some j, then it suffices to take the hyperplane Hα−r since the entries of
X|V ′(j) and Y |V ′(j) all have valuation 0. Similarly if it came from V (j), we take the
hyperplane Hα−r too. Finally if it came from WB , we have two cases on its entries
as in section 3.3. If case (a), it suffices to take Hα−r. If it is case (b), then if the
root is of the form ei−ej we can just take Hα−r. Else if it is of the form ei+ej , we
take Hα−r−1. This will suffice as the entries corresponding to ei+ej for X|WB

have
valuation −1 and the entries corresponding to −(ei+ej) for Y |WB

have valuation 1.

Let Hλ,Q denote the intersection of these hyperplanes. Then by construction,

we have that for any x ∈ Hλ,Q, one has (Y,H,X) ∈ gx,−r × gx,0 × gx,r. It is
however possible that Hλ,Q is empty as the roots used are not linearly independent.
We will prove that this is not the case. We first introduce some notation. If
our hyperbolic basis {p1, . . . , pm, q1, . . . , qm} all belong to some i-weight space for
H, that is pk ∈ V [i] for some i, then we may similarly partition the characters
{e1, . . . , en} into E[i] where ek ∈ E[i] if pk ∈ V [i].

Lemma 6.1. The intersection Hλ,Q is non-empty.

Proof. We have to provide an x that belongs to the intersection. As usual, it suffices
to find such a x for the hyperplanes coming from roots from a V (j), V ′(j) or WB .
For V ′(j) and V (j), the roots are linearly independent and clearly such a x exists.
For WB , the roots are of the form ei±ej , where ei ∈ E[2t+2], ej ∈ E[2t] and ei+ej
only occurs for t = 0. If case (a) occurs, then it suffices to choose x such that for
ei ∈ V [2t], one has ei(x) = tr. Then (ei − ej)(x) = r and for ei ∈ E[2], ej ∈ E[0],
we have (ei + ej)(x) = r as desired. Else if it is case (b), then we instead choose
x such that for ei ∈ V [2t], one has ei(x) = tr + 1

2 . Then (ei − ej)(x) = r and for
ei ∈ E[2], ej ∈ E[0], we have (ei + ej)(x) = r + 1 as desired. �

Example 6.2. Using the Lie triple (Y,H,X) in Example 5.4, the roots chosen are
e2−e3 and e2+e3. The hyperplanes chosen are H(e2−e3)−r and H(e2+e3)−r−1. Then

taking x to satisfy e2(x) = r + 1
2 , e3(x) = 1

2 , we see that x lies in the intersection
of these two hyperplanes. It then follows that (Y,H,X) ∈ gx,−r × gx,0 × gx,r.

With this, we can state our correspondence with DeBacker’s parametrization.
Let Idr denote the set of distinguished pairs as defined in Definition 1 of [2].
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Theorem 6.3. Let F be a maximal r-facet in Hλ,Q and let v denote the projection

of X in VF . Then (F , v) ∈ Idr and O(F , v) = Ad(G)X.

Proof. We follow Nevins’ approach in Theorem 4 of [2]. By Lemma 6.1, we know
that Hλ,Q is non-empty and so F does exist. Let d =

∑
i≥2 dimV [i] + 1

2V [1] + 1
2k.

Then we know that F is of dimension n−d. As noted, (Y,H,X) ∈ gx,−r×gx,0×gx,r
and so the Lie triple (Y,H,X) then projects onto a Lie triple (w, h, v) ∈ Vx,−r ×
Vx,0 × Vx,r and so by Theorem 2.6, we can conclude that O(F , v) = Ad(G)X.

It now suffices to show that (F , v) is distinguished. Let (F0, v0) satisfy O(F , v) =
Ad(G)X. Then following Nevins’ argument, we may assume that there is a x ∈
A∩F0 and a Lie triple (Y0, H0, X0) ∈ gx,−r×gx,0×gx,r which is a lift of a Lie triple
(w0, h0, v0) ∈ Vx,−r×Vx,0×Vx,r. Furthermore, we may assume that H0 is dominant.

We may also assume that r is irrational by Corollary 1 of [2] and that if we let

Φ(X0) = {ψ̇ ∈ Φ, ψ(x) = r} where ψ̇ denote the vector part of the affine root ψ,
then

X0 ∈
⊕

α∈Φ(X0)

gα and Y0 ∈
⊕

α∈−Φ(X0)

gα.

Letting s = dim(span(Φ(X0)), we wish to show that s ≥ d. We will prove that this
is true without the original condition that X0 ∈ gx,r, Y0 ∈ gx,−r for some x (so the
above condition on the roots alone suffices).

Due to the dominance of H0, we can define a decreasing list of indices ki for
0 ≤ i ≤ 2n such that

V [i] =


span{pki + 1, . . . , pki−1

} if i > 0;

span{qki + 1, . . . , qki−1
} if i < 0;

span{pk0 + 1, . . . , pn, qk0 + 1, . . . , qn} if i = 0.

Then the map X
(i)
0 for i ≥ 0 defined to be the restriction of X0 to the domain

V [i] ⊕ V [−i − 2] and zero on all other weight spaces is an element of g. The map

X
(−1)
0 which is defined to be X0 restricted to V [−1]→ V [1] is also an element of g

and in total we have X =
∑
i≥−1X

(i)
0 and furthermore each X

(i)
0 is supported on

disjoint set of roots, which we define as Φi. Then as Φi ⊂ span{E[i], E[i + 2]}, it
follows that we can split Φ(X0) into Φodd and Φeven where Φodd =

⋃
i odd Φi and

Φeven =
⋃
i even Φi. Then span(Φodd) and span(Φeven) form a direct sum and it

suffices to calculate their dimension individually.

Lemma 6.4. We have

dim span(Φodd) ≥
1

2
V [1] +

∑
t≥1

dimV [2t+ 1].

Proof. Since restricting X0 to V [i]→ V [i+ 2] is surjective for i ≥ 0, it follows that
for each l ∈ {ki+2 + 1, . . . , ki+1}, we can find a jl ∈ {ki + 1, . . . , ki−1} such that the
root el − ejl is in Φi. When i = −1, the map is also surjective and tells us that for
each l ∈ {k1 +1, . . . , k0}, we can find a jl in the same set such that el+ejl is in Φ−1.

Now we choose roots of Φodd inductively as follows. We say the character ei
appears in a root α if the coefficient of ei is non-zero when α is written in the basis
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{e1, . . . , en}. We let Sk be the set of roots chosen at the kth step and let Ek denote
the set of ei’s which has appeared in a root of Sk. We start with a root from Φ−1

and then next choose a root from Φ−1 which has an ei not in En. If no such root
exists, we then choose from Φ1 and so on.

Let S be the final set obtained. Note that the roots of Sk are all linearly in-
dependent by construction for any k and so is S. For t ≥ 0, to have no root left
in Φ2t+1 to choose would mean all elements of E[2t+ 3] has already appeared due
to the above paragraph. But since we choose our roots by increasing t, it fol-
lows that elements of E[2t + 3] appearing so far can only come from Φ2t+1. Each
root of Φ2t+1 comes with only one element of E[2t + 3] and so we require at least
|E[2t+ 3]| = dimV [2t+ 3] many roots from Φ2t+1. For t = −1, the same reasoning
applies except that each root of Φ−1 can give us up to two elements of E[1]. Hence
we require at least 1

2 |E[1]| = dimV [1] many roots from Φ−1. Putting together, we

get at least 1
2V [1] +

∑
t≥1 V [2t+ 1] many elements in S which is a lower bound for

dim span Φodd as desired. �

Now note that among the basis vectors spanning V [0], we must have at least k
of them to be non-isotypic (does not come from an isotypic component), where k is
the total dimension of the anisotropic parts of the forms in Q. Indeed as otherwise
one of the quadratic forms will have a isotropic subspace larger than it should be.
We now prove an analogue of Lemma 4.1.

Lemma 6.5. If there are k non-isotypic vectors among the hyperbolic pairs span-
ning V [0], then one has

dim span(Φeven) ≥ k

2
+
∑
t≥1

dimV [2t].

Proof. We may assume that X0 has only even weight spaces. Much like our proof
of Lemma 4.1, we consider a graph G with vertices e1, . . . , en and draw a red edge
between ei and ej if the root ei − ej is in Φ(X0) and blue if the root ei + ej is
in. This splits the graph into several connected components. We can then apply
Theorem 3.4 to each such connected component and sum up the dimensions. Let
H be a connected component with m vertices and let ΦH be the associated roots.
Then by Theorem 3.4, we have that dim span(ΦH) is either m or m − 1. If it is
equal to m, we label this component as type A and if it is m−1, we label it as type B.

Summing up, we get that dim span(Φ(X0)) = n − b where b is the number of
connected components of type B. Since n = 1

2 dimV [0] +
∑
t≥1 dimV [2t], substi-

tuting it into our inequality it suffices to show that 1
2 dimV [0] ≥ k

2 + b. As in the
proof of Lemma 4.1, we may view our graph as having several layers, where each
layer consists of vertices from E[2t] for some t ≥ 0 and the edges connecting E[2t]
to E[2t− 2] and E[2t+ 2]. For simplicity, let E = {e1, . . . , em} be the vertices of H
that belong to E[0], ignoring the ordering of our basis with respect to weight, and
let S = {p1, . . . , pm, q1, . . . , qm} be the corresponding hyperbolic pairs with same
indices as the vertices. We now show a lemma.

Lemma 6.6. Assume that H is of type B. Then the span of S contains an isotypic
hyperbolic pair.



ON DEBACKER’S PARAMETRIZATION OF RATIONAL NILPOTENT ORBITS OF O2n 19

Proof. We first extend the graph H by adding in edges. We add a red edge between
ei and ej if ei + ej ∈ span(ΦH) and a blue edge if ei − ej is in. Note that since
H is connected, we have at least one edge between every pair of vertices. Indeed,
if a path consists of even number of red edges, then a blue edge exists connecting
the two ends and if it is an odd number of red edges, a red edge connects the
ends. Then if a pair of vertices has both a red and blue edge, it easily follows that
ei ∈ span(ΦH) for every vertex ei in which case H is not of type B. Hence any pair
of vertices has exactly one edge.

Now take some vertex e1 ∈ E[0] and let R be the set of vertices in E[2] that
are connected to e1 by a red edge and B those that are connected to e1 by a blue
edge. Then for any other vertex vi ∈ E[0], it is either connected to R by red edges
and B by blue edges, or the opposite happens where it is connected to R by blue
edges and to B by red edges. For each i, let (bi, ri) = (pi, qi) if ei is connected to
R by red edges and let (bi, ri) = (qi, ri) if ei is connected to R by blue edges. Let
Bv = {b1, . . . , bm}, Rv = {r1, . . . , rm}.

Note that the the structure of our graph implies that spanBv and spanRv are
both invariant under Y0X0. Indeed, applying X0 to Bv lands us into the span of
pi’s corresponding to the vertices B and applying Y0 on those give us back Bv
and similarly for Rv. But since the operator Y0X0 on V [0] corresponds to multi-
plication by a distinct scalar on each isotypic component Z(j) = V (j) ∩ V [0], it
follows that a Y0X0-invariant subspace of V [0] is a direct sum of subspaces of Z(j)’s.

Now since the vectors of Bv are pairwise orthogonal, it follows that the symmetric
form induced on it is completely degenerate and similarly for Rv. Since 〈bi, ri〉 = 1,
it follows that we can find a Z(j) such that spanBv ∩ Z(j) and spanRv ∩ Z(j)
contain a vector each, v1, v2 that are not orthogonal. But we must have 〈v1, v1〉 =
〈v2, v2〉 = 0 and thus (v1, cv2) for some suitable constant c is our isotypic hyperbolic
pair as desired. �

Now by Lemma 6.6, it follows we can assign to each type B component an isotypic
hyperbolic pair of weight 0 such that the pairs are all linearly independent. But
we can have at most 1

2 (V [0] − k) such pairs, giving us b ≤ 1
2V [0] − k

2 which is the
inequality we desired. �

Lemmas 6.4 and 6.5 imply that we must have dim(span(Φ(X0)) ≥ k
2 + 1

2 dimV [1]+∑
t≥2 dimV [t] = d. Thus our pair (F , v) is indeed distinguished and this concludes

the proof of our theorem. �

With the theorem, we have an analogue of Corollary 4 of [2].

Corollary 6.7. Let (λ,Q) represent a rational nilpotent orbit O. Suppose that
(F , v) ∈ Idr is such that O = O(F , v). Let ai denote the dimension of the largest
anisotropic subspace of Q2i−1. Then

dim(F) =
1

2
(|λ| −

n∑
i=1

ai).



20 YAP JIT WU

Proof. The proof easily follows from noting that the total dimension of the span of
our roots is

∑
i≥2 dimV [i]+ 1

2V [1]+ 1
2k where k =

∑n
i=1 ai. Since |λ| = V [1]+ 1

2V [0]

and n =
∑
i≥1 V [i] + 1

2V [0], the corollary follows. �

7. On the structure of B0(Y,H,X)

In this section, we give an alternative and more conceptual proof of Theorem
6.3, based on analyzing the structure of B0(Y,H,X). Here, B0(Y,H,X) is the set
defined in Definition 5.1.3 of [1] for r = 0, that is the set of points x ∈ B(G) such
that Y,H,X ∈ gx,0. Then by Proposition 3 of [2], we know that the dimension of
B0(Y,H,X) is the same as that of Br(Y,H,X) for any r. For our case of G = O2n,
by Corollary 6.7 we know that this dimension is exactly 1

2 (|λ| −
∑n
i=1 ai). Note

that if we are able to show this dimension formula differently, then Theorem 6.3
would be proven as then F would be a maximal r-facet in Br(Y,H,X), implying
that (F , v) is distinguished as desired. Our aim is to do exactly so. The results
here are independent of section 6.

Let ϕ : SL2 → G be a group homomorphism defined over k satisfying

dϕ

((
0 0
1 0

)
,

(
1 0
0 −1

)
,

(
0 1
0 0

))
= (Y,H,X).

Such a map exists from Hypothesis 4.2.5 of [1] and in Corollary 4.5.5 it is proven
that for a general reductive group G, one has

B0(Y,H,X) = B(G,K)φ(SL2(RK))oGal(K/k)

where K is a maximal unramified extension of k and RK is the ring of integers of
K. For our case of G = O2n(k), we will prove that

B0(Y,H,X) = B(G)φ(SL2(R)) = B(Gφ(SL2(R)))

after identifying B(Gφ(SL2(R))) with a suitable subset of B(G)φ(SL2(R)). The di-
mension formula will then follow.

7.1. On SL2(R)-invariant lattices

Recall from section 2.2 that the building B(G) can be identified with self-dual
lattice functions on V . Then we can identify B(G)φ(SL2(R)) as self-dual lattice
functions whose lattices are fixed by the SL2(R) action on V . We will study some
basic properties of such lattices in this section.

Let W be a SL2(R)-invariant R-lattice on V . By choosing a R-basis of W as
a basis for V , we get a group homomorphism ϕ : SL2(k) → GL2n(k) such that
ϕ(SL2(R)) ⊂ GL2n(R). Then by Proposition 1.7.6 of [15], as our valuation on k
is discrete, ϕ can be extended to a group scheme homomorphism over R. Hence
it follows that dϕ(sl2(R)) ⊂ gl2n(R), which implies that W is invariant under the
action of Y,H,X. Recall that V (j) denotes the isotypic component of irreducible
j-dimensional submodules of V and V [j] the j-weight space of V with respect to
H.

Lemma 7.1. The lattice W decomposes via

W =
⊕
j≥0

(W ∩ V [j]) .
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Proof. For w ∈W , write w =
∑2n−1
i=−(2n−1) vi where vi is a possibly zero eigenvector

of weight i. We wish to show that vi ∈ W . Since W is H-invariant, we have that
Hkw =

∑2n−1
i=−(2n−1) i

kvi is in W for 0 ≤ k ≤ 4n − 2. It then suffices to show that

the matrix formed by the coefficients of Hkw in vi is invertible in R. But this is
clear as it is a Vandermonde matrix and each factor of its determinant is a non-zero
integer which is either odd with magnitude bounded by 4n− 3 = 2h+ 1 < pf or an
even integer with odd part bounded by 2n− 1 < pf. �

Corollary 7.2. The lattice W further decomposes via

W =
⊕
j≥0

⊕
i≥0

(W ∩ V [j] ∩ V (i)) .

Proof. By Lemma 7.1, we may assume that W consists of eigenvectors of weight
j. Then the statement follows from the argument of Lemma 5.2.1 of [1], where a
similar decomposition is proven for the lattices gx,s. �

Let Vt be a SL2(R)-invariant lattice function on V . For each j, let L(j) be
the lowest weight space if j is even and Z(j) the zero weight space if j is odd.
Then by Corollary 7.2, Vt induces lattice functions on L(j) and Z(j) by L(j)t =
Vt ∩ L(j), Z(j)t = Vt ∩ Z(j). Recall that the form 〈, 〉 on V naturally induces one
on L(j) by (v, w)j = 〈v,Xj−1w〉 and on Z(j) by restriction.

Lemma 7.3. Assume that Vt is self-dual. Then the lattice functions L(j)t and
Z(j)t are self-dual with respect to (, )j.

Proof. Since Vt is self-dual, we have for r ∈ R that Vr = (V−r+)∗ where W ∗ de-
notes the dual of W . By Corollary 7.2, we also have L(j)−r+ = V−r+ ∩ L(j). Let
v ∈ (L(j)−r+)∗. Then (v, w)j = 〈v,Xj−1w〉 ∈ p for all w ∈ L(j)−r+ . We claim that
v ∈ (V−r+)∗. It suffices to prove that 〈v, w〉 ∈ p for all w ∈ V−r+ ∩H(j) = H(j)−r+
where H(j) denotes the highest weight space of V (j).

Since Vt is Y,H,X-invariant, it follows that Y j−1H(j)−r+ ⊂ L(j)−r+ . Then we
have that 〈v, w〉 ∈ p for all w ∈ Xj−1Y j−1H(j)−r+ = H(j)−r+ since Xj−1Y j−1w is
a R-invertible scalar multiple of w for w ∈ H(j)−r+ . Hence v ∈ (V−r+)∗ as desired,
which implies that (L(j)−r+)∗ ⊂ (V−r+)∗ ∩L(j). Conversely if v ∈ (V−r+)∗ ∩L(j),
we have (v, w)j = 〈v,Xj−1w〉 ∈ p as Xj−1w ∈ V−r+ . We then get an equality
of lattices (L(j)−r+)∗ = (V−r+)∗ ∩ L(j) = Vr ∩ L(j) = L(j)r and thus L(j)t is
self-dual. The statement for Z(j)t follows similarly. �

7.2. Embedding B(Gφ(SL2(R))) into B(G)
We will construct our embedding of B(Gφ(SL2(R))) into B(G) in this section. Let
G′ = Gφ(SL2(R)). We will first identify the structure of G′. Let Q = (Q1, . . . , Q2n−1)
be the n-tuple of quadratic forms corresponding to the nilpotent orbit of X as in
Theorem 5.1 and let mj be the multiplicity of j in the corresponding partition λ.
Let OQj

denote the orthogonal group corresponding to the quadratic form Qj .

Lemma 7.4. G′ = Gφ(sl2(R)) = GY,H,X .

Proof. The second equality clearly holds and so it suffices to establish the first. By
Hypothesis 4.2.4 and 4.2.5 of [1], we have an exponential map expt for nilpotent



22 YAP JIT WU

elements such that

φ

(
1 t
0 1

)
= expt(tX), φ

(
1 0
t 1

)
= expt(tY ).

Since our group G is a matrix group, this exponential map is given by expt(X) =∑m
i=0X

i/i! where m is an integer less than pf. It then follows that for t ∈ R, if
X commutes with some g ∈ G, then expt(tX) commutes with g. Since expt(tX)
and expt(tY ) for t ∈ R generate φ(SL2(R)), we have Gφ(sl2(R)) ⊂ G′. Conversely
if g ∈ G commutes with expt(tX) for all t ∈ R, we can pass to the derivative at
t = 1 to get that g commutes with X and similarly for Y . It then also commutes
with [X,Y ] = H and the first equality follows. �

Lemma 7.5. We have the following isomorphism of groups

G′ ∼=
∏
j odd

OQj (k)×
∏
j even

Spmj
(k).

Proof. Let g ∈ G′. Then g commutes with H and so maps V [j] back to itself.
Since it commutes with Y , it must map the lowest weight space of each V (j)
to itself and as it commutes with X, this holds true for any i-weight space of
V (j). Since g preserves 〈, 〉, it follows that it preserves the forms (, )j induced
on L(j) and Z(j) too. Hence the restriction of g onto those subspaces give us
either an element of OQj (k) or Spmj

(k), which produces a group homomorphism

ψ : G′ →
∏
j odd OQj

(k) ×
∏
j even Spmj

(k). This map is injective as the action of

g on L(j) or Z(j) determine the action on V (j) and thus on V . It is also easy to
see that it is surjective since G′ = GY,H,X and hence we have an isomorphism of
groups. �

From the above lemma, we see that

B(G′) =
∏
j odd

B(OQj
(k))×

∏
j even

B(Spmj
(k)).

This can be identified with the product of self-dual lattice functions on the subspaces
L(j) and Z(j) with the forms (, )j . Take such a product of self-dual lattice functions
and for each even j, let L(j)t denote the self-dual lattice function on L(j). We can
extend this to a lattice function on V (j) by setting V (j)r to be the smallest Y,H,X-
invariant lattice generated by L(j)r for r ∈ R. We can similarly define V (j)t for
odd j which allows us to define a lattice function on V , given by Vr =

⊕
j≥0 V (j)r.

Lemma 7.6. The lattice function Vt is self-dual.

Proof. It suffices to prove that the lattice function V (j)t is self-dual with respect
to the restriction of 〈, 〉. Assume that j is even and fix r ∈ R. Let e1, . . . , em be
a R-basis for L(j)r. Then a R-basis for V (j)r is given by elements of the form
Xiek where 0 ≤ i ≤ j − 1 and 1 ≤ k ≤ m. Similarly if f1, . . . , fm is a R-basis for
L(j)−r+ , then Xifk form a R-basis for V (j)−r+ . As L(j)r = (L(j)−r+)∗, we have
that 〈ei, Xj−1fk〉 ∈ p for all 1 ≤ i, k ≤ m =⇒ 〈ei, w〉 ∈ p for any w ∈ V (j)−r+
as L(j) is orthogonal to the other weight spaces. Then since Xiek form a basis for
V (j)r, it follows that V (j)r ⊂ (V (j)−r+)∗ as 〈Xiek, w〉 = (−1)i〈ek, Xiw〉.

Conversely assume there exists v ∈ (V (j)−r+)∗ \V (j)r. Then there exists i such
that Y iv ∈ (L(j)−r+)∗ = L(j)r. Pick v with a minimal such i. Then by subtracting



ON DEBACKER’S PARAMETRIZATION OF RATIONAL NILPOTENT ORBITS OF O2n 23

off a suitable multiple of XiY iv which lies in V (j)r ⊂ (V (j)−r+)∗, we get a new v′

with a smaller i′ — a contradiction. Hence we must have (V (j)−r+)∗ = V (j)r and
V (j)t is self-dual as desired. The case for odd j is similar. �

Lemma 7.6 implies that we have a map ι : B(G′) → B(G). We now show that
it is the embedding that we desire.

Theorem 7.7. The map ι is an affine embedding. Its image is exactly B(G)φ(SL2(R)).

Proof. Let Vt be a lattice function in the image of ι. Then using the exponential
map in Lemma 7.4, as Vt is φ(sl2(R))-invariant, it follows that it is also φ(SL2(R))-
invariant too and thus belongs to B(G)φ(SL2(R)). Then Lemma 7.3 gives us a map
ι−1 : B(G)φ(SL2(R) → B(G′) by sending Vt to the product of L(j)t and Z(j)t’s. It
is easy to check that ι and ι−1 are indeed inverses of each other and thus ι is a
bijection onto B(G)φ(SL2(R)).

It now suffices to show that it is an affine map. Let L(j)t be a self-dual lat-
tice function on L(j) and let e1, . . . , em be a splitting basis for it. So we have
L(j)r =

⊕m
i=1 p

dr+λieei for some constants λ1, . . . , λm. Let V (j)t be the induced
lattice function on V (j). Then we have the following splitting basis for V (j)t with
coefficients given by

V (j)r =

j−1⊕
k=0

m⊕
i=1

pdr+λieXkei.

Hence given x, y ∈ B(G′), we have that for 0 ≤ s ≤ 1, ι(sx + (1 − s)y) and
sι(x) + (1− s)ι(y) are the same when restricted onto V (j) for j even. The case for
j odd is the same and we get that ι is an affine map as desired. �

We now show the equality between B(G)φ(SL2(R) and B0(Y,H,X).

Corollary 7.8.

B(G′) = B(G)φ(SL2(R)) = B0(Y,H,X).

Proof. Let x ∈ B0(Y,H,X) and Vt be the corresponding lattice function. Then
since Y,H,X ∈ gx,0, it follows that Vt is Y,H,X-invariant and thus φ(SL2(R))-

invariant too. HenceB0(Y,H,X) ⊂ B(G)φ(SL2(R). Conversely, if x ∈ B(G)φ(SL2(R),
then by Theorem 7.7 we know that x = ι(y) for some y ∈ B(G′). Clearly Vt is then
Y,H,X-invariant and hence Y,H,X ∈ gx,0 =⇒ B(G)φ(SL2(R) ⊂ B0(Y,H,X),
giving us equality as desired. �

Corollary 7.9. (Corollary 6.7) Let (λ,Q) represent a rational nilpotent orbit O
and X a representative of the orbit. Let F be a facet of maximal dimension in
B0(Y,H,X). Let ai denote the dimension of the largest anisotropic subspace of
Q2i−1. Then

dim(F) =
1

2
(|λ| −

n∑
i=1

ai).

Proof. By Corollary 7.8 and Theorem 7.7,

dim(F) = dim(B(G′)) =
∑
j odd

dim(B(OQj
(k))) +

∑
j even

dim(B(Spmj
(k)))
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=
1

2
(|λ| −

n∑
i=1

ai)

as desired. �

Remark 7.10. The proof of Theorem 7.7 and Corollary 7.8 can be directly applied
to the case where G is a Sympletic group. We expect that they also hold for classical
groups in general, with only minor modifications required for the proof.
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