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My research is on the representation theory of reductive groups. It has a tremendous range
of applications in physics and number theory.

1. A BRIEF SUMMARY OF MY WORK

I now summarize the results I have obtained during the past years. These results provides
more explicit understanding about the (local) theta correspondence and have applications on
representation theory of classical groups.

Let 𝐹 be a local field and 𝜓 be an fixed additive character of 𝐹 . Let (𝐺,𝐺′) be a reductive
dual pair defined over 𝐹 and let 𝐺 and 𝐺′ be the corresonding central corvering. The (local)
theta correspondence gives an one-one correspondence

ℛ(𝐺) oo 𝜃
// ℛ(𝐺′)

where ℛ(𝐺) and ℛ(𝐺′) are certain subsets of irreducible (genuine) representations of 𝐺 and
𝐺′ respectively. We call 𝜃(𝜌) the local theta lift of 𝜌 when 𝜌 ∈ ℛ(𝐺).

Through more than 30 years of development, theta correspondence has become a powerful
tool in the representation theory of reductive groups and the theory of automorphic forms. The
three topics I am presenting here all provide more precise information of theta correspondence
which are not available previously.

1.1. Invariants of theta lifts. There are some invariants one could attach to each irreducible
smooth representations. Although the descriptions of the theta lift in terms of the (Lang-
lands/Arthur) parameters are unknown in general and are complicated in certain known case. It
turns out that certain invariants of the lifts are conceptually easy to describe in many situations.
Moeglin obtained some results in the 1990s, when 𝐹 is a non-Archimedean local field. We
concern the Archimedean case.

Let 𝐺 be a real reductive group and fix a complexified Cartan decomposition 𝔤ℂ = 𝔨ℂ ⊕ 𝔭ℂ
of its Lie algebra 𝔤. For an irreducible admissible representations 𝜋 of 𝐺, one can attach an
invariant of 𝜋 called the associated cycle AC(𝜋). It is a formal nonnegative integral linear
combination of nilpotent𝐾ℂ-orbits in 𝔭ℂ. It is again denoted by 𝜃. We have proved the following
theorem which was conjectured a decade ago in [NZ04].
Theorem A [LM15] Let (𝐺,𝐺′) be a Type I real reductive dual pair in the stable range with
𝐺 the smaller member. One could define a notion of theta lifting of associated cycles by the
geometry of moment maps. Suppose 𝜋 ∈ ℛ(𝐺) is unitarizable and 𝜋∨ is the dual of 𝜋. Then

AC(𝜃(𝜋)) = 𝜃(AC(𝜋∨))

For a “generic” closed point 𝑥 in the associated cycle AC(𝜌), one can attach a finer invariant:
the isotropy character of the isotropic subgroup Stab𝐾ℂ

(𝑥). We actually proved a stronger ver-
sion of Theorem A on the isotropic character. In short, we show that theta lifting is compatible
with these invariants in the stable range.

These invariants measure the size of 𝜋 in terms of its 𝐾-module structure. Irreducible 𝐺-
modules whose 𝐾-structure are completely encoded by isotropic characters are particularly in-
teresting. We show that 𝜃 preserve this property.
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Theorem B [LM15]. Under the assumption of Theorem A, suppose that the 𝐾-spectrum of the
unitary 𝐺-module 𝜋 is isomorphic to the space of global sections of certain 𝐾ℂ-equivariant
bundle on a nilpotent 𝐾ℂ-orbit in 𝔭ℂ. Then its theta lift 𝜃(𝜋) has the same property.

Vogan conjectured that for each “admissible” nilpotent𝐾ℂ-orbit there should be some unipo-
tent representations having this property. As a corollary, we obtain some conjectured represen-
tation for each sufficiently singular nilpotent orbit by iterated theta lifting.

Some examples outside the stable range was studied in a joint work [LMT12] and a part of
my thesis [Ma12]. It turns out that the situation is very trick.

1.2. Transfers of representations between real forms. A complex reductive group 𝐺ℂ has
many different real forms. For example, the indefinite orthogonal groups O(𝑝, 𝑞) of signatures
(𝑝, 𝑞) are different real forms of the complex orthogonal group O(𝑛,ℂ) when 𝑝+ 𝑞 = 𝑛. Let 𝐺1
and 𝐺2 be two different real forms contained in 𝐺ℂ. By cohomological methods, one can de-
fine certain functors Γ𝑗 which transfers 𝐺1-module to 𝐺2-module [Wal94, WZ04]. Meanwhile,
different real forms of classical groups can be fitted into different real reductive dual pairs, say
(𝐺1, 𝐺′

1) and (𝐺2, 𝐺′
2), such that 𝐺′

1 and 𝐺′
2 also have the same complexification. Our main

results demonstrate the compatibility between the transfer Γ𝑖 and local theta correspondences.
Theorem [Ma13, Ma12] Let 𝜌𝑖 be a one dimensional 𝐺𝑖-module for 𝑖 = 1, 2 whose restriction
on 𝔤′ is trivial. A subquotient of the transfer Γ𝑗𝜃(𝜌1) is isomorphic to 𝜃(𝜌2) if and only if they
have a common 𝐾-type.

As a corollary, we identify families of derived functor modules constructed in Enright et al.
[EPWW85], Frajria [Fra91], Wallach [Wal94] and Wallach-Zhu [WZ04] with theta lifts. The
theorem is further extended to theta lifts of unitary highest weight modules in [LMT14,Ma13].

The key is an equation on the images of Hecke-algebras for a see-saw pair (𝐻 ≤ 𝐺,𝐻 ′ ≥ 𝐺′),
where 𝜔 denote the oscillator representation:

𝜔(𝑈 (𝔤ℂ)𝐻 ) = 𝜔(𝑈 (𝔥′ℂ)
𝐺′).

In the end, we highlight the following pretty equation in [Ma12], which looks like an Euler
characteristic formula ⨁

𝑗
Γ𝑗𝜃𝑚,0(1) =

⨁
𝑝+𝑞=𝑚

𝜃𝑝,𝑞(𝜌𝑝,𝑞),

where 𝜃𝑝,𝑞 is the theta lifting map from 𝐺𝑝,𝑞 ∶= O(𝑝, 𝑞) (resp. U(𝑝, 𝑞) or Sp(𝑝, 𝑞)) to Sp(2𝑛,ℝ)
(resp. U(𝑛, 𝑛) or O∗(2𝑛,ℝ)) and, 1 and 𝜌𝑝,𝑞 are certain characters of 𝐺𝑝,𝑞.

1.3. Theta correspondence of supercuspidal representations. In this section, we consider
the theta correspondence over a 𝑝-adic fields 𝐹 . We would like to explicitly describe the corre-
spondence between supercuspidal representations in terms of parameters. Supercuspidal repre-
sentations are the building blocks of irreducible smooth representations whose correspondences
dominate the correspondences in the general cases according to Kudla’s induction principle. In
the past, such kind of correspondence was treated as black boxes.

Fix a division algebra 𝐷 with involution over 𝐹 . Fix an 𝜖 ∈ {±1 } and an 𝜖-Hermitian 𝐷-
module 𝑉 . Let  ′ be an Witt tower of 𝜖′-Hermitian𝐷-module such that 𝜖′ = −𝜖 and (𝐺,𝐺′) ∶=
(U(𝑉 ),U(𝑉 ′)) from a Type I dual pair for each 𝑉 ′ ∈  ′. We assume that 𝑝 is sufficiently large.
There is a certain set 𝒟 𝑉 of supercuspidal data, such that 𝒟 𝑉 ∋ Σ ↦ 𝜋Σ parameterize the set
of supercuspidal 𝐺-modules.

In [LM15], we define a notion of lifts of supercuspidal data

𝜗𝑉 , ′ ∶ 𝒟 𝑉 →
⨆
𝑉 ′∈ ′

𝒟 𝑉 ′

by moment maps and the theta correspondence over finite field. Furthermore, we extend the
notion of supercuspidal data to covering groups in the setting of local theta correspondence so



RESEARCH STATEMENT 3

that for each pair of data (Σ,Σ′) of (𝐺,𝐺′) ∶= (U(𝑉 ),U(𝑉 ′) we assign supercuspidal 𝐺 and
𝐺′-modules 𝜋Σ and 𝜋′

Σ′ respectively.
Theorem Let 𝜋 (resp. 𝜋′) be a supercuspidal Ũ(𝑉 ) (resp. Ũ(𝑉 ′))-module. Then 𝜃(𝜋) = 𝜋′ if
and only if there exits certain Σ ∈ 𝒟 𝑉 such that 𝜋 = 𝜋Σ, 𝜋′ = 𝜋′

Σ′ and Σ′ = 𝜗𝑉 , ′(Σ) ∈ 𝒟 𝑉 ′ .
We remark that the theta lift of a supercuspidal representation is also supercuspidal if only

if it is at the “first occurrence”. Our theorem in fact describes the first occurrence. The proof
of above theorem is through an extensive study of the correspondence between refined minimal
𝐾-types. The epipelagic case was discussed in our earlier paper [LMS15].

2. RESEARCH PROPOSAL

Based on my established works, I will discuss several problems I plan to investigate in the
next couple of years.

2.1. Relationships between different invariants of a representation. An irreducible admis-
sible representation 𝜋 of a real reductive group 𝐺 has following invariants which are closed
related to each other: (i) the associated cycle AC(𝜋), (ii) the wavefront cycle WF(𝜋), and
(iii) the space of generalized Whittaker functionals Wh(𝜋) associated with a nilpotent orbit. As an analogs of Fourier coefficient, Wavefront cycle plays a crucial role in the theory of
𝐿-functions. The relationship between these objects is summarized in the following diagram.

Wavefront Cycle ks ¬ +3
fn

® &.U
UUUUUU

UUUUUUU
Associated Cycle

08

px i i i i i i i

i i i i i i i

Whittaker functionals

Here ¬ is the Kostant-Sekiguchi correspondence by Schmid and Vilonen [SV00]. However,
there are only partial results for arrow  and ®. On one hand, non-zero Whittaker functionals
provide lower bounds of the associated varieties (cycles) [Mat87]; on the other hand, nilpotent
orbits appeared in wavefront cycle are expected to guarantee the existence of certain Whittaker
functionals. We seek a result of the following form:
Conjecture: For an irreducible admissible representation 𝜋 of a real reductive group 𝐺. Sup-
pose the wavefront cycle WF(𝜋) =

∑
𝑗 𝑐𝑗𝑗 where 𝑗 ⊆ 𝔤 are nilpotent 𝐺-orbits and 𝑐𝑗 are

multiplicities. Then

(∗) 0 < dimWh𝑗 (𝜌) = 𝑐𝑗 <∞.

In (∗), Wh𝑗 (𝜋) = Hom𝔫(𝜋HC, 𝜋) is the space of algebraic generalized Whittaker functionals,
where 𝜋HC is the Harish-Chandra module of 𝜋, the nilpotent Lie subalgebra 𝔫 of 𝔤 and the
character 𝜓 of 𝔫 is determined by 𝑗 up to conjugation.

Equation (∗) was established in the 𝑝-adic case by Mœglin-Waldspurger[MW87]. In the
archimedean case, (∗) is only known for special cases, for example, unitary highest weight mod-
ule [Yam01] and quasi-large representations [Mat92]. Combining the recent results of Gomez-
Zhu [GZ14] and ourselves [LMT12, LM15], one knows that (∗) is preserved by theta lifting in
the stable range.

Accumulating evidence suggests that the conjecture may be solved by some geometric tech-
niques. In fact, Gourertich-Sahi [GS12] obtained some positive results for degenerate Whit-
taker functionals. The construction of geometric Whittaker functors, analogue to the geometric
Jacquet functors [ENV04], will be the first step which I plan to investigate.
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2.2. Construction of Unipotent representations. Theta correspondence has been used to con-
struct interesting representations, for example automorphic representations and unipotent rep-
resentations.

The unipotent representations are the building blocks in the perspective of the “orbit method”.
More precisely, Vogan [Vog91] conjectured that, for each admissible nilpotent orbit, there exists
some unitary irreducible representations attached to this orbit with prescribed annihilator ideal
and 𝐾-structure.

In [LM15], we showed that local theta lifting constructs such representations of classical
groups for all sufficiently “singular” orbits. At least for classical groups, I hope that we could
bypass some technical difficulties and construct unipotent representations for all admissible
nilpotent orbits.

2.3. Explicit description of local theta lifts in terms of parameters. It is very difficult to
describe local theta lifting in terms of parameters in general. We would like to examine theta
correspondences between representations which cannot be constructed efficently by parabolic
induction. These representations are not captured by Kudla’s induction principle. I now list
some specific questions:

Over real number ℝ: In [LMT14, Ma13], we have shown the compatibility between theta
and the cohomological constructions in special cases. I would like to extend our results to
more general situations. This could contribute to an explicit description of theta in terms of
cohomological induction data.

Over 𝑝-adic field: In [LM15], we have described the theta correspondence between tamely
ramified supercuspidal representations. It is also desirable to describe the correspondence in
terms of Stevens’ data (c.f. [Ste08]). Based on these results, a morphism between certain
Hecke-algebras may be established. This would lead to a description of theta lifts via the theory
of types [BK98].

Over finite field: Theta over finite fields is not a one-one correspondence in general. How-
ever, it still gives a bijection between cuspidal representations. The explicit description of this
bijection is not only interesting in its own right but also the key of the depth 0 part of the theta
correspondence over 𝑝-adic field. Right now, only partial results [AMR96] are available. We
expect a simple formula in terms of Deligne-Lusztig theory.
Geometric approch. To completely solve above questions, a geometric realization of theta
correspondence seems inevitable. I propose to study the finite field case first. This may be
achieved by a proper quantization of the moment maps.
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